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A unite mathematical model of rheological and electro-chemical properties of saturated clays is
proposed. The foundation of the model is the unification of filtration’s consolidation theory, the
theory of stability of lyophobic colloids and the experimental data on electro-chemical properties
of clays and clayey suspensions. Conception of disjoining pressure as a surplus in comparison
with hydraulic plays the important role in clays properties description. This pressure is caused
by surface capacities and exists in water films between clay particles. We obtained the exact
solution about wringing the water out of clay layer. The solution that we received not demands
to introduce a concept of limit shear stress for clays. We investigate the peculiarities of the
model, which are important for explaining some character features of electro- and mass-transfer
processes in clays with coupling of rheological behavior of clays. It is shown that solutions which

we’ve received are in good harmony with results of experiments.
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1. Introduction

The specific properties of clays and their compositions (low
permeability and thermo-conductivity, plasticity in moist
condition) are caused by existence of specific particles and
their compositions-clay minerals. Clay minerals are hydro-
alumosilicates of calcium, sodium, potassium and they often
are structurally arranged like thin sheet particles (about 50-
100nm in diameter and 1nm in height) [1]. Generally speaking,
particles of clay minerals have the appearance of thin isometric
or elongated plates, scales, needles and tubes.

Before we proceed to theoretical examination of electro-
chemical and rheological properties of clays, we describe
the simplest structure of clay sample or clayey rock. We
will consider clays like solid porous skeleton (not essential
coherent), which pores can change own size and form during
swelling of clay minerals. After the filling of all pore volume
by swelled clay, the process of total sample or rock swelling is
started. In that case any process, connected with deformation
of clays, could be described like:

1. Electro-chemical process in pores (part of medium
volume, which is filled by clay particles, and their
interlayer intervals).

2. Mechanical processes, connected with deformation of
hard particles and dynamics of water films between them.

It is very important that their two processes are always
conducted instantaneously. After solution of mass and energy
balance equations for liquid and solid phase we obtain the
equations for description of rheology and mass transport
processes in clays [2]. On the first stage of deformation, until
the full disappearing of transport pores, water in interlayer
between clay particles doesn’t perceive the effective tensions
of skeleton [3] and it is in thermodynamic equilibrium [4-8]
with water in transport pores, so it satisfies the equation that
disjoining pressure is zero. This fact means that the volume
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which is filled with clay particles and interlayer water, reserves.
On the second stage free porosity is zero and we will have to
specify the law of filtration in such a system (on the first stage
we supposed that filtration Velocity& satisfies the law of Darcy)
In this case we will have a contribution of disjoining pressure
to free energy of system. In the moment disjoining pressure is
able to give an addition to hydraulic pressure, in dependence
of the value of dilation. This fact can explain the nature of
anomalous high seam pressures in deep-laying clay-containing
reservoirs. Also the electro-chemical effects give impact in
rheological behavior of clays.

2. Mechanics of clays and clayey rocks

The specific properties of clay rocks (low permeability,
plasticity in moist condition) are caused by existence of
clay minerals in their composition. Because of isomorphic
replacement in crystal matrix this particles usual carry
electrical charge (usually negative), which is compensated by
cations. Cations are adsorbed on to the surface of particles and
at hydration they are able to dissociate (totally or partly) and
make the double diffusion layer [1, 2]. As already it has been
told above, any process, connected with deformation of clay
rocks, could be divide in two stages: 1) free (transport) porosity
(part of pore volume, which is not filled by clay particles and
their interlayer intervals) is not equal zero; 2) free (transport)
porosity is equal zero, it means that all pores are filled by clay
particles and interlayer films of water. We begin examination
from the first stage. We will consider that the filtration is going
only in free part of pores. Now we can write mass balance
equations for liquid and solid phase:

a(mpvcpf)

S divipm, V)% j=0, (1)
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In this equations 0 is a density of fluid (water), p, — density
of solid phase, J/, - fluid velocity in transport pores, V fluid
velocity between clay particles, I/, - solid phase Ve10c1ty, m, -
free (transport) porosity, m,_ - part of interlayer water in volume
(internal porosity of clay minerals), j - water exchanging
flow in the system «transport pores — water between clay
particles». We assume that 0, and p are constants. Then after
adding (1) and (2) and after accounting d1VV 060/9t=06,
div[m, (V V )] = g, we receive the equatlon

+div[p,(1=m, —mV,]=0 @)

0 +divg =0, (3)

where we adopt that Z = Z for clay particles (it means that
filtration of water in water films between of clay particles
is absent). Here @ is dilation (shrinkage in the case of
consolidation), ¢ - filtration velocity. Now we write conditions
of mechanical balance. We suppose that an external load G is
exerted to clay. Then the distribution of load between the rock
components gives an equation

G,=(1-m,—m,)o, i

which after the designation
can be written in such a form
—

G, =0, —mIl6, - pd, (6)

In this equations p - pressure in liquid, IT - disjoining
(additional to hydraulic) pressure in water interlayer films
between clay particles, the aim of introduction of the O'ljf will
be explained below. Now proceed to thermodynamic balance.
Denote free energy of solid phase through macro-parameters

o, m , m, 6, IL. For this purpose we will write first and second
law of thermodynamic for solid phase

dU, =80 +384" +54,TdS, =50 + 50" )

Here U is an internal energy of skeleton, S_- entropy of solid
phase, 50" - external stream of heat, Q>0 - summary
internal stream of heat (dissipation energy function), 54" -
elementary mechanical work of internal surface strength. We
will assume that in our case 54" is caused by transformation
of part of total deformation energy in deformation of solid
particles, and 54" is caused mainly by transformation of part
of total deformation energy in a work on the displacement of
particle with electrical charge. In isothermal conditions

5A(i)+5A(6):dUS_TdSS+§Q'=d]7S+§Q’. (8)

Let’s examine mechanical properties of solid phase. Then in
conditions of absence of mass forces we have the equation

Am_ j ,/a’dV jaa'f”' av, ©)

where u, is a component of the vector of transference
velocity of skeleton’s particles, O}, is a skeleton’s stresses. After
transformation volume integral into surface integral we obtain:

54" _ J (o) (u,))

T dv,+ (- p)zj un, ds+(~IT) ;[unds (10)
where O'l:jf.‘=(1—mp—mc)(<i;)—<0'—p>5y) is a tensor of

effective tensions, corresponding to eq. (4), 0 =—(1/3)0; is
the pressure in the solid phase, i; is a deviator of the g. It is
clear that
_[ un dS=V,
ZS

is the velocity of changing of the solid phase volume.
Taking into account that in our case

5A dt=[¢-dE | dt :

where ¢ - electrical potential in the volume near clay particle,
E - volume density of electrical charge of clay particles, and
both value ¢, E are functions of the displacement of clay
particles and depend from deformation’s velocity tensor, we
will use Ohm law @ — @) = K~ ] dE / dt = j, and also we
will assume that J = 7,13,1, so for member ¢dE / dt we have
QdE | dt =(y,7,)" -k () + K7 (y,€)’ + Yyt @y Here
€; is a tensor of deformation’s velocities, e is a deviator of
the tensor of deformation’s velocities, 7 -
characteristics of clay particle arrangement, x - electro-
conductivity of water film, ¢, - electrical potential in the
middle part of clayey pores.

During the first stage of deformation, until the full
disappearing of transport pores, water in interlayer between
clay particles doesn’t perceive the effective tensions of skeleton
and it is in thermodynamic balance with water in transport
pores, so it satisfies the equation I1=0. So in during of the first
stage from the condition p V. =M _, M = const we receive

50’ 1=m,~m,
6+~ +(;)7) (11)

For the case of elastic solid material 5Q /dt =0. Then

from the last equation we receive that

tensor of structural

PP+ KO +57 (1)) + 0, (7,¢,)]

F =T¢ — ’€+(1 m, —m)p
P,

s Al

=+ [(07,) KO + 57 (1€) + o (re)] (12)

So far as disjoining pressure II is a function of thickness of
water interlayer h between clay particles, that's why condition
I1=0 is equivalent to condition 4 = const. This means that the
volume which is filled with clay particles and interlayer water
V_ preserves. Lets write itas m V, =V, V_ = const. Then from
the last equation we obtain: 771, Y m, = V IV, =-6,s0

m, =m." exp(-0). (13)

Because (1-m, —m,)pV, = M =const, then
d[In¥V, +Inp, +In(1=m,—m,)]
dt

and we'll receive one equation for three variables. In the most
simple case, when p =const it can be written in such a form

=0, (14)

l—m,(o) —mf_o)
L =1+0. (15)
1-m —m.
b4 c
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Then for the free energy we have a dependences
F, =F(J,,0,ps), where ], - is the second invariant of the
tensor of deformations, then

. OF ,, OF , OF
F; = Ei/et/ p K
aJ, 200  dp, .
Comparing right parts of equations for the E gives
for concrete view of the F for the elastic skeleton [8]

/1 2 ’ ’
F==0 +/1J2—1)9\/Z , where A, 4, v = const, next
correlzation

—(y,) K'0= /149—1/\/]_;,
(T, +0,-7,) - (0,7, - &'¢, = Qu—v8 /| J)e,

Last equations play roles of rheological correlations. They
give us an ability to get closed system of equations for filtration
consolidation of clays on the first stage. On the second stage m
= 0, and we have to specify the law of the filtration in such a
system, because we have ignored the filtration of water between
clay particles till this moment (on the first stage we consider
that for the g the law of Darcy [8] is carry out). Let’s use the
correlation for case m, = 0:

m.=B-(=po. B=m+m

so m, =—(1—f)6. In this case we must take into account
the last term of (10). This item describes the pressure of water
between clay particles,

0 | wn,dS/V, =TIV, /V, ==T1(sh, +6m,)

Ss—c

(16)

(17)

(18)

Then for the elastic pore environment we have analogically
in this case

~o/ ~[m,—(1- O~ (3,7,) - k'0=20-v ],
(T, +@, 7,) = (1,7, k7', = @u-vO/|J,)e]

As far as in the first equation there is a term which contains
the disjoining pressure which itself depends on the thickness
of interlayer film of water h, it's necessary to determine
the form of function h(6), that is to say to connect micro-
parameter /& with macro-variables of process. From one side
we have the correlation (15) for m_and from another side
m,=ShlV,,S, =const. Here S isa half-square of the surface
of clay particles which are situated in the volume V. Let’s
differentiate the left and right part of the last correlation with
respect to time, so we receive

(19)

h(l)
LB -(1- A6)exp(©). 20)
Here 7", — constants, which provides connection of the

first and second stages. The last correlation will become more
physical clear if we recall that shrinkage 6<0. So process of
consolidation of clay rocks on the second stage determines the
value h and, consequently the disjoining pressure as a function
of macro-variable 6. In the moment disjoining pressure is able
to give an addition to hydraulic pressure, in dependence of the
value of 0. This fact can explain the nature of anomalous high
seam pressures in deep-laying clay-containing reservoirs.
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3. Rheological and electro-chemical properties of
clays

Let’s analyze the solution of second equation of (19). In the
case of pure shift this solution has a simple view

_ Ml
g o Tt Greer) | oxp KQu VH/;/.TZ)I on
Qu- ve/\/7) (77) ]

This solution is corresponded to Kelvin-Voigt rheology [9].
Return to eq. (16). For Kelvin-Voigt rheology the member

(7,] Vi ) k! is corresponded to viscosity, so that we'll call this
member “effective viscosity” and denote 7. So, we can finally
write for effective viscosity of clay

(%j%j)z K= n

and experimentally check the last correlation. For this purposes
we use the simplest relation of Kelvin-Voigt rheological body

e=(o/E)[1-exp(-Et/n)] (23)

(22)

Where E is the Young modulus. From equation (23) we can
obtain the next relation for viscosity

n=o/(de/ dl)\t:o. (24)

So, for experimental definition # in accordance with (24) we
can use the classical compression experiment, carried out with
a sample of clay of a specified mineral composition. At the time
we'll measure the electro-conductivity of sample of the same
clay, and after use the relation (22). Below we demonstrate
results of measurements and its comparison with calculation’s
results.

On Fig. 1 plots of measured values of electro-conductivity
and viscosity of kaolinite are presented. Also calculated values
of viscosity are shown.
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Fig. 1. 'The experimental (exp.) and calculated (calc.) values of viscosity and electro-

conductivity of kaolinite in dependence on humidity. Definitions:

1. dbra  Kisérleti és szamitott értékek kaolinit viszkozitdsdra és elektromos
vezetOképességére a nedvességtartalom fiiggvényében.
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One can see a good agreement between experimental and
calculated data.

On Fig. 2 plots of measured values of electro-conductivity
and viscosity of mica are presented. Also calculated values
of viscosity are shown. One also can see a good agreement
between experimental and calculated data.

Viscosity, Pa*s
30000 0,25
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20000
15000
10000
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0 0
0 5 10 15 20 25 30

Humidity, %

1, 2 - Viscosity, calc.
3 - Viscosity, exp.
4 - Electro-conductivity, exp.

Fig. 2. The experimental (exp.) and calculated (calc.) values of viscosity and electro-
conductivity of mica in dependence on humidity. Definitions:
2. dbra Kisérleti és szdmitott értékek csillam viszkozitdsdra és elektromos
vezetGképességére a nedvességtartalom fiiggvényében.

In the case of montmorillonite clay we have to take into
account additional impact to electro-conductivity of cations on
basal surface of clay particles, and after we have to change the
formula (22) for montmorillonite and obtain finally

a3, 5 =n,

where a is correction factor. On Fig. 3 plots of measured values
of electro-conductivity and viscosity of montmorillonite are
presented. Also calculated values of viscosity are shown. One
also can see a good agreement between experimental and
calculated data.
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Fig. 3. 'The experimental (triangles and rhombuses) and calculated (line) values
of viscosity and electro-conductivity of montmorillonite in dependence on
humidity. Definitions:

3. dbra Kisérleti és szamitott értékek montmorillonit viszkozitdsdra és elektromos
vezetOképességére a nedvességtartalom fiiggvényében.

4. Conclusions

It was important for us to offer a model of physical, electro-
chemical and mechanical properties of clay, which doesn’t use
a priori any suppositions about the it’s rheology, but use only
known facts about properties of components of clayey rocks.
Such a model was created by the unification of the theory of
filtration consolidation and the theory of DLVO. On the base
of this model we solved a simple problem of clay’s rheological
and electro-chemical properties and we showed that the
model gives an ability to describe the rheology of clays with
correlation of electro-chemical properties of clays, which was
received experimentally. On the foundation of developing
ideas we created the mathematical model of electro-chemical
phenomena in clay. The correlations we've received are
well co-ordinated with experiments. Its also showed that
the developing is a physical substantiation of well-known
hydrogeological schemes for calculation of yield clay water
into the aquifer [10-11].
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Abstract

One of the main lines of research that the author of present paper was particularly interested
in [1] at the World Gas Conference in Paris, WGC2015, is the development of a new fuel for the
Model Cell Systems in Japan. After the great Fukushima earthquake in 2011, when many nuclear
power plants were shut down, alternative sources of alternative energy had to be found to meet

the high demands of the industry and the Japanese population.

In this research and publication work, we believe that through scientific research and technological
innovation, we can demonstrate the great ability to understand and solve major development
problems, stimulate economic growth and towards the development of a country. In addition,
the following points are discussed: Change in Japanese energy policy, the emergency measures

taken and by what methods to achieve these objectives?

Keywords: energy, nuclear, cogeneration, energy policy, development
Kulcsszavak: energia, nuklearis, kapcsolt, energiapolitika, fejlodés

1. Introduction

Fossil-fueled thermal power plants (gas, oil, coal) produce
electricity, especially during periods of peak demand (for
example, during periods of extreme cold). The combustion of
these energies releases heat which is used to heat water and
transform it into steam. This is pressurized to drive a turbine
coupled to an alternator that produces electricity.

During this process, much of the heat is lost (up to 60%)
when it could be used for other purposes. The installation of
a cogeneration system in the installation makes it possible to
recover this heat which was previously lost, thus limiting the
overall losses.

2. Change in Japanese energy policy

After the great earthquake in Fukushima, eastern Japan,
which officially caused 16,000 deaths and 2,500 disappeared,
Japan changed its energy policy by shutting down all nuclear
power plants until security was restored of its facilities.

At present, the share of fossil fuels (petroleum, liquefied
natural gas and coal) in the Japanese energy mix has increased
to 88%, compared to 62% before the earthquake [2]. The
change in this energy mix has not been without consequence
and has caused many adverse side effects for Japan.

On the one hand, there has been a negative environmental
impact and, on the other hand, the decline in the economic
situation. At the environmental level, CO, emissions increased
by 14% due to increased energy consumption of fossil fuels
and from an economic point of view, the trade balance became
negative because Japan had to import an enormous amount of
fuel to meet its energy deficit [2].
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3. Emergency measures taken

In this context, Japanese policy makers have defined energy
policy by:

= The need to increase renewable energy [3];

= The creation of the Japanese hydrogen company;

= The Japanese government has set a very ambitious
target of installing 1.4 million fuel cells by 2020 and 5.3
million fuel cells by 2030 (two cumulative targets). The
fuel cell is a cogeneration technology (see Fig. 1) that
produces electricity and heat by chemical means, there
is a reaction to energy consumption. It contributes to
the primary energy saving by its high efficiency.

Generally, in the power of the conventional system, only 40%
of the primary energy can be used because about 60% will be
lost as heat to the power plant or through losses during power
transmission.

On the other hand, fuel cells allow about 95% of energy use
with local heat and power. The result is a reduction of 1.3 tons
of CO, emissions and a reduction in operating costs per year (a
comparative example of consumption for a house in the Tokyo
area using a gas boiler).

4. Which methods to achieve these objectives?

The list of challenges facing Japan in the coming years
focuses on:

= Continued cost reduction through technical innovation
and mass production: A new (4th generation) fuel cell
model was updated;

= Improved performance of key devices (battery,
fuel processor): The total cost has decreased
through improved installation, commissioning and
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transportation. For example, installation has become
easier by reducing the total weight of the system. The
commissioning time is also reduced by 40%.

= Reduction of the number of components by simplifying
the whole system: The number of components has
been reduced by 15%, and also the weight of the whole
system is reduced by 15% (from 90 kg to 77 kg);

= The increase in the use of standard components: There
is a 20% reduction in the platinum-metal alloy used for
the battery (the component used to generate electricity
from hydrogen).

= The expansion of the customer base of urban areas
through development.

= Ofa specific model of apartments: lower prices for the
end user compared to the previous model and a 50%
reduction compared to the first model published in
2009).

= The advanced development towards the hydrogen
society (development of fuel cell system for a pure
hydrogen energy source).

5. What is cogeneration?

Cogeneration (or co-generation: co = whole and generation
= production) is the simultaneous production of two different
forms of energy in the same power station.

The principle of cogeneration consists in producing
mechanical energy (converted into electricity) and heat at
the same time and in the same installation (an installation for
several applications) and from the same source of energy. In
the case where the heat is also re-used to produce cold, the
term “tri-generation” is used.

A MECHANICAL ENERGY -> ELECTRICAL ENERGY
COMBUSTIBLE -> COGENERATION ->

N THERMAL ENERGY

Fig. 1. Diagram of cogeneration
1. dbra  Kapcsolt energiatermelés sémdja

An engine (external or internal combustion), a turbine or
a fuel cell is activated to produce electricity through some of
the heat produced (the fuel may be natural gas, wood, fuel oil,
biogas etc.). The remaining heat is used directly to heat water
or produce steam.

In addition to reducing costs, the Japanese increased the
product’s durability to 70,000 hours and adopted DC power
generation in the device [2].

In addition, it was launched a new model with the product
heater for the outdoor market. Based on the large difference in
demand for heat and cost between electricity and gas prices,
one dares to believe that it has a strong potential market in
European countries.

6. Problem statement

The serious problem facing Japan is the difference in the
composition of the gas and the use of the fuel cell used in Japan
and Europe:

= InJapan, gases are imported from abroad and purified
during the liquefaction process. On the other hand,
European countries import gas from pipelines from
several sources. This results in instability in the
fluctuation of the gas composition with a higher level of
impurities in the gases compared to the LNG.

= InJapan, fuel cells are installed outside of each house
and the demand for heat comes mainly from the hot
water used for the bath, whereas in Europe, fuel cells
are located inside the house (mainly in rooms and/
or kitchens), which requires more air exhaust system
(safety controls) and the heat is mainly intended for
the heating of the spaces of the house. Research is
underway in this area.

7. Conclusions

It can be concluded that the fuel cell is considered the key
technology for smart homes. The introduction of cell fuel, in
most homes and moving towards the concept of a city with a
friendly environment and a pleasant and safe city with a goal
of reducing CO, emissions by 70% compared to level of two
decades ago.

Another application of cogeneration, which could become
global is the incineration of large quantities, always increasing,
of household waste. The burned waste produces heat. By
installing a cogeneration system, this heat is recovered to
produce water vapor that drives a turbine to produce electricity.
This electricity can be consumed by the incineration plant or
transferred to the electricity grid.

Also, the current trend in the field of research and innovation
of technology goes towards the realization of a carbon-free
hydrogen society at a reasonable cost and also move towards
the evolution and expansion of the system fuel cells with high
efficiency. Fuel cell is the basic technology for building the
hydrogen society of the future in order to contribute to a better
life and in part can contribute to the solution of environmental
and climate cooperation and in harmony with various global
partners.
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Abstract

Multiphase polymer systems, like polymer nanocomposites, exhibit complex rheological behaviour
due to physical and also possibly chemical interactions between individual phases. Up to now,
rheology of dispersive polymer systems has been usually described by evaluation of viscosity
curve (shear thinning phenomenon), storage modulus curve (formation of secondary plateau)
or plotting information about dumping behaviour (e.g. Van Gurp-Palmen-plot, comparison of
loss factor tan 6). On the contrary to evaluation of damping behaviour, values of cot & were
calculated and called as ,storage factor”, analogically to loss factor. Then values of storage factor
were integrated over specific frequency range and called as “cumulative storage factor”. In this
contribution, LDPE-ZnO-clay nanocomposites with different dispersion grades (physical networks)
have been prepared and characterized by both conventional as well as novel analysis approach.
Next to cumulative storage factor, further cumulative rheological parameters like cumulative
complex viscosity, cumulative complex modulus or cumulative storage modulus have been

introduced.

Keywords: shear flow, oscillatory shear, polymer, clay, nanocomposites
Kulcsszavak: nyirasi folyas, oszcillalo nyiras, polimer, agyag, nanokompozit

1. Introduction

Polymer nanocomposites using organically modified clays
have been intensively investigated due to enhancement of
processing as well as utility properties. Using nanoparticles
is an interesting way for preparation of polymer tailored
materials. The enhancement of material properties because
of nanoparticles addition has usually been analysed using
a combination of morphological (X-ray diffraction (XRD),
transmission electron microscopy (TEM)), mechanical (tensile
testing) and possibly rheological (rotational rheometry)
measurements [1-17]. Using 2-5% of clay, significant
improvement of material properties can be reached: high elastic
modulus, tensile strength, thermal resistivity, low gas and
liquid permeability, reduced flammability [18] and improved
rheological properties compared to the unfilled polymer matrix
[1-17]. High reinforcement due to addition of the layered
silicates results from their large surface area (specific surface of
montmorillonite is about 700-800 m?/g) [19, 20]. In the case of
highly dispersed systems, a three dimensional physical network
isachieved, formed due to interactions between silicate platelets
and the polymer chains. This phenomenon can be investigated
by analysis of the melt elasticity using rotational rheometry [1-
40]. These studies are mainly based on evaluation of viscosity
curve shape (shear thinning phenomenon), storage modulus
curve at low frequencies (formation of secondary plateau),
phase homogeneity (Cole-Cole plot) or plotting information
about dumping behaviour (e.g. Van Gurp-Palmen-plot,
comparison of loss factor tan §). In order to enable simple
comparison of nanocomposites reinforcement in the shear
flow, new way to analyze data of the shear flow has been tested
[31, 32]. The storage modulus G describes the elastic part
while the loss modulus provides us with information about the
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viscous part of the shear flow. The relation G* /G is defined as
tan § and reflects damping behaviour in the polymer system.
According available literature, the G’/G"” ratio (cot §) has not
been used for rheological evaluation of nanocomposites up to
now. Compared to tan 6 (loss factor), cot § (called as storage
factor, SF) reflects melt rigidity, which can be associated
with reinforcement effect in polymer (combination of chain
elasticity with silicate layers rigidity in the polymer melt).
In order to reduce the magnitudes of storage factor to one
representative value for one sample, G” as well as G" curves
have been integrated over the measured frequency range as

following:
628rad s 628rad /s

csF= [a/ [ar M
O.rad/s  0.lrad/s

In this way, cumulative storage factor (CSF) and some further
cumulative rheological parameters (e.g. cumulative complex
viscosity CCV, cumulative complex modulus CCM, cumulative
storage modulus CSM) were introduced [31]. It was proven that
values of CSF can be correlated with values of melt strength, i.e.
the reinforcement in polymer nanocomposites can be assessed
and compared in both, shear as well in elongational flow [32].
In this paper, LDPE-ZnO-clay nanocomposites with different
dispersion grades (physical networks) are reported. It is shown
that nano-scaled ZnO can be used not only as UV stabilizer but
also as reinforcement and dispersion agent, respectively. The
obtained data is analysed in this paper using typical rheological
approaches as well as cumulative rheological parameters like
CSF or CCV.
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2. Materials and Method

CA9150 low-density polyethylene for extrusion coating has
been used for the preparation of nanocomposites (supplied
by Borealis Inc., Linz, Austria). The used nanoclay Cloisite
20 (CI20) as well as LDPE masterbatch with 30% nano-scaled
ZnO (Nanobyk) were supplied by BYK-Chemie Ltd, Wesel,
Germany / POLYchem Ltd, Markt Allhau, Austria, respectively.

Mixtures have been prepared using laboratory compounder
MiniLab II Haake Rheomex CTW5 (Thermo Fisher Scientific,
Germany). Performance of four different compositions (pure
PE matrix, 5wt.% of C120, 5wt.% of ZnO, 2.5/2.5 wt.% of C120/
ZnO) have been compared. Rheological properties in the shear
flow were studied using a Physica MCR 502 rheometer (Anton
Paar Ltd., Graz, Austria) with the cone-plate geometry of 25
mm diameter and measuring gap of 43 pm.

3. Results & Discussion

The nanocomposites dispersion grade and effect of matrix
molecular weight on final morphology can be evaluated
using analysis of viscosity curve (shear-thinning effect) in
combination with information obtained from the storage
modulus curve (G’ secondary plateau; [33]). In Figs. 1 and 2,
magnitudes of complex viscosity as well as storage modulus
in dependency on angular frequency were plotted. As can be
seen from Fig. 1, the systems prepared with CI20 and CI20/
ZnO revealed pronounced shear-thinning behavior, as result
of disruption of network structures and, consequently, by
orientation of filler particles in flow. On the other hand,
CA9150 matrix as well as nanocomposite only with ZnO
showed typical liquid viscoelastic behaviour. The lower
viscosity values of nanocomposite only with ZnO comparing
with pure CA9150 matrix can be explained by significantly
lower viscosity of LDPE matrix used for preparation of ZnO
masterbatch. Therefore, higher admixture of ZnO masterbatch
to CA9150 matrix results to higher “dilution” of CA9150
matrix, i.e. the average molecular weight in such polymer
blend will be lowered.

13 rryrrrm Ty o T """"

10* 4 B
T —o—Ca9150 ]
\ —o—2,5% CI20 2,5% ZnO
——5% CI20

\\\ —— 5% ZnO
|

102—_

10" 10° 10’ 10° 10°
o (rad/s)

Fig. 1. Complex viscosity of nanocomposites
1. dbra  Nanokompozitok komplex viszkozitdsa

For systems with high dispersion grade, the dependence
of G'(w) becomes almost invariable at low frequencies. Such
“secondary” plateau indicates the formation of a network
structure (“rubber-like” behavior) reflecting the exfoliation
of silicate layers in nanocomposites [34, 47, 48]. As can be
seen in Fig. 2, systems prepared with CI20 and Cl20/ZnO
showed “rubber-like” behaviour i.e. high dispersion grade,
while pure CA9150 matrix as well as nanocomposite with
ZnO exhibited typical viscoelastic behaviour. It means, in 2.5
ClI20/2.5 ZnO nanocomposite, two physical interactions are
acting simultaneously: on one hand, melt elasticity is increased
by formation of 3D-physical nework between polymer chains
and silicate platelets, and, on the other hand melt elasticity
is decreased due to decrease in polymer average molecular
weight. As can be seen from Figs. I and 2, the decrease in
polymer average molecular weight is dominating in 5% ZnO
nanocomposite system comparing to pure CA9150 matrix.

T T T T T T T T L
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——2,5% CI20 2,5% ZnO | ]
——5% CI20
—+—5% ZnO

101 ""; T T T T T T T T T
107 10° 10" 10° 10°

o (rad/s)

Fig. 2. Storage modulus of nanocomposites
2. dbra  Nanokompozitok tdroldsi modulusa

The van Gurp-Palmen (vGP) plot as a dependency of loss
angle 6 on complex modulus |G*| can be used to analyze the
spatial structures of polymers [41-45]. In Fig. 3, vGP plot is
shown for prepared samples. For the polymer samples with
rather linear chain structure, a continuous shaped curve
has been published. On the contrary, long chain branched
(LCB) polymers showed a developed bump between the |G*|
minimum and the 90° plateau [44]. As can be seen in Fig.
3, systems prepared with CI20 and Cl20/ZnO show spatial
structure similar to mentioned LCB polymers with even two
bumps or peaks (Cl20), indicating complex 3D structure made
of filler and polymer chains [49]. The CA9150 matrix and
nanocomposite with ZnO exhibit behaviour connected with
linear chain structure. In order to get additional information
about viscoelastic damping behaviour of the prepared samples,
phase shift § in dependency on angular frequency has
been plotted (Fig. 4). The curves are similar to those of vGP
and confirm formation of differently organized structures
(combination of agglomerated, delaminated and exfoliated
structure) depending on achieved 3D network.

Vol. 69, No. 4 = 2017/4 = . 117



épitdoanyag - Journal of Silicate Based and Composite Materials

1.4 —=—Ca 9150
. ——2,5% CI20 2,5% ZnO
1,34 ——5% CI20 i

] B —— 5% ZnO

1,24 \

1,1 - S

/

0,9 - /7%/
l

0,8

d (rad)

0,7

|G’ (Pa)

Fig. 3. Van Gurp-Palmen plot of nanocomposites
3. dbra Nanokompozitok Van Gurp-Palmen diagramja
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Fig. 4. Phase shift in dependency on angular frequency
4. dbra Faziseltolodds a szogfrekvencia fiiggvényében

Another approach for description of viscoelastic damping
behaviour is so called “Cole-Cole” figure, in which imaginary
part of complex viscosity over the real part is plotted. This
figure has been widely used to assess miscibility/homogeneity
of polymer blends and composites in the way that a smooth,
semi-circular shape can be interpreted by better compatibility
and homogeneity, respectively [23,46]. As shown in Fig. 5
the CA9150 matrix and nanocomposite with ZnO showed
semi-circle shapes, reflecting high homogeneity of the
system. However, for the analysis of polymer nanocomposites
performance, not only homogeneity but also reinforcement
should be addressed. Using Cole-Cole plot, it can be said,
that systems prepared with Cl20 and CI20/ZnO revealed
deviation from semi-circle shape and, therefore, are rather
not homogeneous. Nevertheless, no information about
reinforcement level can be obtained from this figure and this
problem is actually concomitant with each previously described
rheological analysis based on damping behaviour.
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5.dbra  Cole-Cole diagram

Using previously introduced analysis based on “rigidity”
behaviour [31, 32], there is possibility to analyze reinforcement
level as result of 3D physical network between polymer
chains and filler particles and, consequently, to obtain some
information hidden in analysis based on damping behaviour.

The CSF plotted over CCV in Fig. 6 shows clearly other
trend as trends obtained from figures analyzed previously in
this paper. For CA9150 matrix it can be seen that viscosity
value is high, but reinforcement level represented by CSF
(comparing to all nanocomposites) is low. Comparing to
CA9150, the nanocomposite with 5% of ZnO revealed lower
value of viscosity, but higher value of reinforcement, followed
by nanocomposite with 2.5/2.5 wt.% of CI20/ZnO and finally
followed by nanocomposite with 5wt.% of CI20 showing
the highest reinforcement and approximately same level of
viscosity. In this way, it was possible to divide contribution
of “internal reinforcement” coming from internal friction
(high molecular weight and viscosity values, respectively) —
represented by viscosity values — and “external reinforcement”
coming from 3D physical network between polymer chains
and nanofiller particles - represented by CSF values. This
division was not possible to analyze using evaluation methods
based on damping behaviour.
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Fig. 6. Cumulative storage factor
6. dbra Kumulativ tdroldsi tényezd
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Comparing to Fig. 6, coeflicient of linear regression in Fig.
7 is very high. It means, if only polymer nanocomposites are
compared, there is high correlation between CSF and CCV
values, giving possibility to compare previously described
“external reinforcement” not only in cases of nanocomposites
using one polymer matrix, but also in cases of nanocomposites
based on polymer blends. This result will be proved in further
work using not only polymer matrices with different molecular
weight but also with different chemical compositions.

5cl20

y=9E-07x+ 0,9698
R*=0,9989

Linear (Cumulative storage factor)
2,5Cl20_2,5 Zno

Cumulative storage factor

80.000 100.000 120.000 140.000 160.000 180.000

Cumulative complex viscosity

Fig. 7. Cumulative storage factor of nanocomposites without neat matrix
7. dbra  Nanokompozitok kumulativ tdroldsi tényezdje dgyazéanyag nélkiil

4. Conclusions

Complex polymer nanocomposites with different molecular
weight polyethylenes and clay/ZnO nanoparticles were
prepared and analyzed by conventional as well by new
rheological approach. Using novel approach based on melt
rigidity analysis the reinforcement caused by 3D physical
network between polymer chains and nanofiller particles
could be divided from that coming from internal friction
(polymer molecular weight). In this way, new inside into
performance characterization of polymer nanocomposites has
been introduced and will be tested on nanocomposites based
on different polymer blends in future work.
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Abstract

The basic key in the process of our validation may be stated in the development of computational
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analogues of the spinal morphologies by the creation of sophisticated 3-dimensional Finite
Element (FE) model of an intact ligamentous L1-S1 motion segment that matches the real
biomechanical behavior of the human lumbosacral spine and for this purpose, the curves were
found to be non-linear and the Ranges of Motion (ROM) results were found to compare favorably
with reported values from in vivo and in vitro studies as documented in experiments conducted
on human cadavers [1, 2]. Therefore, this FE-model can be used to investigate the stress and
strain distributions in the L1-S1components, especially the discs under physiological functions
such as heavy and daily carrying tasks it has the possibility of representing the realities with a

much higher degree of fidelity.

Keywords: Finite Element, lumbar spine behavior, ranges of motion, in vivo, in vitro
Kulcsszavak: végeselem, agyéki gerinc viselkedése, mozgastartomany, in vivo, in vitro

1. Introduction

The aim of this work is to make an accurate computational
FE-model to simulate the biomechanical response of the
human lumbar spine under physiological functions. Its success
at simulation is not insured but must be tried out by suitable
validation to insure the accuracy of any FE-model. The model
is conceived as regards validated if, in circumscribed number of
offices, its predicted behavior comes close to the experimental
results. It is then assumed that the model may now be exercised
to predict behavior of the structure in other situations by
knowledge of regular spinal movements [3], The lumbar region
is a recurring set of spinal disorders [4, 5]. Clinical studies have
testified that abnormal intervertebral motions occur in some
patients who have low-back pain and the utmost proportion
(about 90%) of spinal disorders is located in the lumbar spine
segment [6].

While, in the absence of pathological disease, regular daily
activities, lifting stationary work postures, heavy physical
work and vibrations are factors that contribute to low back
disorders [7, 8]. Usually, orthopedic treatment is essentially
based on the experience of the surgeon who predicts the best
solution for each patient. Using mathematical models and
computer simulations could hypothetically be a key tool that
supports clinical decisions in order to predict the presence and
evolution of spine pathologies, for preoperative planning and
implant design. [9, 10, 11]. The present work is concentrates on
the analysis of the lumbar spine with the objective of studying
of the influence and the roles that the different components of
the spine play on its biomechanical response, in particular the
presence of an injury in the intervertebral disc (IVD).
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In order to understand the whole lumbosacral segments
response under physiological conditions, the complete three-
dimensional elastic physical properties of the lumbar spine
were precisely documented, then, (L1-S1) rachis FE-model
was built and their mechanical responses under static loading
were predicted. [11, 12].

Pure moments of flexion-extension, in lateral axial torque, and
in lateral, lateral bending were applied, and three-dimensional
intervertebral motions were determined. The motions were
presented in the form of a set of six load-displacement curves,
quantifying the intervertebral rotations and translations.
The current model should preserve the anatomical details
required to simulate the biomechanical response, including
tissue material properties appropriate for treatment of spinal
disorders, and be validated in relevant loading scenarios.

2. Methods and materials

The main procedure is employed hierarchical approaches to
develop a biomedical validated computational model of the
lumbar spine to investigate the spinal disorders and diseases
(11, 13].

An Osseo-ligaments FE-model of the L1-S1 levels was built
and validated through comparison with literature data. An
extended description of the model and its adaptation for the
present study are outlined below in this study. The developed
lumbar spine FE-model was created based on anatomically
accurate geometries and was modeled based on the
epidemiology of injuries and disease due to the literature [1,
13, 11]. FE Analyses were performed using a 3-Dimensional
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nonlinear model of the spine arraying from L1 to S1, created
following multiple processes (Fig. 2).

The global geometry was derived from a CT scan based on
the reconstitution of the L5/S1 FSU Data taken from a male
cadaver what did not have any trauma or pathology that affect
bone quality and integrity of vertebral bodies, then translated
to patch iges model then to a simplified solid model using
Power surfacing (Solid works 2013). (Fig. 1)

A) B) (0]

Fig. 1. A) Realistic L5/S1 Geometric Model, B) Simplified Power Surfacing
Geometric Model, C) Generated Meshed Model using Ansys

1. dbra A) Realisztikus L5/S1 geometriai modell, B) egyszeriisitett hatvdnyfeliilet
geometriai modell, C) Ansys szoftverrel generdlt modell hdléja

N

Extension Flexion

Pressure
Point of NP

AF

SSL

Compressive Preload
of T00N

Fig. 2. Finite element model of the lumbosacral spine L1-S1 and

intra discal pressure point
2. dbra  Lumboszakrdlis L1-S1 gerinc szakasz végeselemes modellje és
intradiszkdlis nyomdspont

This geometrical simplification allowed the full optimization
of an accurate three dimensional model. The reconstructed
Solid model of L5/S1 was derived from a commercial model of
the spine (Zygote Media Group — American Fork, UT, USA).
The geometry of the vertebra and the intervertebral disc was
approximated to match the realistic model of normal cadaveric
lumbar segments. The model of a Lumbar Spine was developed
using ANSYS revision 15.0 (ANSYS Inc., Houston, PA, USA).
However, fully automated hexahedral mesh generation is not
available for complex geometric entities such as the human
lumbar spine. Utilizing hexahedral elements to effectively
model the complexly shaped lumbar spine is not trivial and
requires a substantial amount of work to subdivide the
geometry in preparation for mesh generation. This meshing
is desirable for FE analysis due to the nature of their shape

function and ability to handle large deformations without
creating numerical instabilities.

Concerning the parametric meshing, the developed spinal
mesh was symmetrically modeled across the midsagittal plane
asadopted in the literature [15], the mesh density and geometry
was defined to represent the key passive anatomical features:
cortical and cancellous bone; endplates; posterior elements of
the vertebrae; annulus fibrosis and nucleus pulposus; articular
cartilage; synovial fluid of the facet joint [11, 12]. 8-noded
solid element (C3D8) were used to define The cancellous
bone and posterior elements of the vertebrae and articular
cartilage of the facet joints ,the cortical bone and endplates
of the vertebrae and elsewhere using hexahedral element
based on hybrid formulation for hyperelastic structure for the
Annulus Pulposus (AP). Cortical bone and endplates of the
vertebrae modeled using 8-noded brick elements with 0.635
mm thickness. [14, 15] .The commercial FE package Abaqus,
version 14.1 was used to formulate the FE-model.

Solid Works
input : iges
Output : iges, sldprt

\2
Ansys

input :iges
Output : cdb

\2

Hypermesh
input : cdb
Output : inp

N

Abaqus solver

input : py, for, inp é
Output : odb

\2

Abaqus CAE/Post
input : odb
Output : txt, tiff, odb, avi

Fortan IC

Subroutines
input: for
Outout : for.xls

Python scripts

input: py
Output : cpy, py . xIs

Fig. 3. Finite Element Model, Formulation Workflow Chart
3. dbra  Végeselemes modell generdldsi folyamatdbra

3. Numerical investigation

3.3 L1-S1 motion segment validation
3.3.1 Boundary and Loading Conditions

A well-defined Hybrid protocol was used to study the
lumbosacral spine behavior. This key issue analysis reestablishes
to principle applied load on the motion segments of pure
momentum increasing incrementally from zero to 10 N.m (2.5,
5, 7.5, 10 N.m). Compressive follower preload of 100 N was
applied in all modalities to the intact lumbar spine model in
the follower load path direction, settled as suggested thereby
allowing the axial load to follow the motion of the spine [9].
The Follower load was applied to the center of the vertebra
through a Reference Node Constrained to the vertebral body
nodes using Coupling Constraints Elements (CCE). The
resulting FE-model was positioned in static Momentum Loads
to match the experiment. Homogeneous Dirichlet boundary
conditions were applied to all bottom side nodes, not involved
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Fig. 4. Comparison between predicted intervertebral rotations results in different spinal levels for the loading cases flexion, extension, lateral bending, and axial rotation
4. dbra Porckorong elmozduldsok Gsszehasonlitdsa a gerinc kiilonboz6 szintjein; hajlitds, megnyilds, keresztirdnyi hajlitds, tengelyirdnyi elfordulds

in the motion procedure. The interpedicular displacement was
predicted for the intact model in all directions, comparing
with that of previous experimental studies [2]. Introduce the
generated lumbar spine model not only allows personalized
biomechanical analysis, but it also offers detailed geometric
data to simplify simulation to mimic the realistic Lumbar
spine. Knowledge of the normal motions of the whole lumbar
spine and lumbosacral joint is important for evaluating clinical
pathologic conditions.

3.3.3 Results

The results display a greater no-linearity of the spine
response. Under load combination, the ROM of most of the
dedicated FSU level, respectively from L1 to SI is within the
range of in vitro measurements as shown in Fig. 4, except a
reduction of the predicted ROM in flexion, where the mobility
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is smaller than what is expected (L2-L3, L4-L5, L5-S1), taking
into account in vitro conditions. In lateral bending and in axial
rotation, the movement amplitudes are close to those found in
the literature measurements as shown in Fig. 4. In particular, in
extension, such as for the other movements, ROM are within
the range of movements performed by the experimental ones
especially for L1-L2, L2-L3, L3-L4 segments. Except for the
segment L5-S which performs a little lower extension than
in vitro measure, at L1-L2 level for extension in which we
obtain a value of 4.2° against the experimental value of 4°. The
numerical model in extension for the L4-L5 segment shows a
deviation of 0.5° against the calculated experimental values.

The curves are similar with slightly higher rotation angles for
the model in Axial Rotation for L4-L5 and L5/S1.

The segment L2-L3, L4-L5 shows the best results with an
error of 0.1° and for the L3-L4 segment with a deviation of
0.2 between the FE-model and experimental. The maximum
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flexion moment ROM of the segments L1-L2 is higher than
for the other segments, the maximum rotation value has little
variation between upper (-6.1° for L1-L2 level) and lower (-5.8°
for L4-S1) segments. The FE-models are obtained at the L2-L3
level a deviation of 0.2° in the lateral bending and represent a
deviation of 0.8° for the Axial Rotation of L5-S1.

4. Discussion

Validation of Any new finite element model should be
observed the correlation between FE predictions and in vitro
data to correctly reproduce key aspects of in vitro response
of the lumbar spine. The Rotations-Displacement curves
from the generated FE-model shows good accuracy of the
experimental kinematics measurements. This FE-model of a
human L1-S1 motion segment was used to explore the effect
of daily physiological loads on the overall behavior of the
lumbar spine. The ROM configuration of the model matches
the experiment well for the overall L1-S1 endpoints. The
loading applied to the model was formulated to simulate the
observed physiological functions. The finite element modeling
has long been used in biomechanical studies for research
concerning clinical pathologies of the lumbar spine as well as
for predicting the biomechanical characteristics. The lumbar
spine model was developed to investigate the disc behavior and
the whole L1-S1 functions under physiological conditions. The
focus of this study was a validation of the theme shing, and FE-
model generation procedure, with the latter step comprising
construction and of the lumbar model L1-S1. This model
generation step requires a substantial time commitment.

The geometric assumptions made in the development of
the model were intended to allow an anatomically detailed
representation of the Posterior-Anterior column. The
computational results presented in this study represent an
attempt to explore the role of passive spinal structures in
generating rotations displacements accompanying primary
spinal motions. We presented a finite element model for an
isotropic with homogenous properties of the IVD, and the
mechanical properties such as the non-linear behavior of the
spinal ligaments. Healthy osseo ligamentous lumbosacral spine
with all intact ligaments and a hydrostatic nucleus pulposus
(1) The structure of the vertebral body was assumed as (2) The
loading conditions were not truly physiological, because of the
lack of the mechanical effects of muscular contraction forces
which change with upper trunk position [3, 14].

5. Limitations of the FE analysis

As with all finite element model research, there are some
inherent limitations of the models used: To realize a better
resolution and results, it might be essential to refine the
mesh which steer more anatomic details, require significant
sensitivity analysis with more elements and nodes, including
more degrees of freedom. These additions would have
inconveniently increased the computation time and necessitate
expense of computation power. The geometry of the IVD was
based on realistic 3d model reconstituted from slice imaging
scans but with limited accuracy. The variation in geometric

parameters, such as disc height, cross-sectional area of the
intervertebral disc, size and position of the nucleus fiber
orientation, or the number of fiber layers, can affect the
mechanical behavior of the intervertebral disc and the whole
lumbar functions [5, 6]. The procedure that joins FE models
with different geometries might lead to remarkable different
results and the modification in geometries and conditions of
soft tissues in the finite element model introduced in previous
biomechanical studies may alter the reported ROM.

6. Conclusions

We have presented a FE-model of the lumbar spine and have
described how the model has been constructed based on the
anatomical and computational features of the spine segments
in the sake of computational efficiency. The intact model has
been validated in good correlation with the literature where
simulations have been achieved for physiological ROM (Fig.
5). This study presents a first step in the validation process of
the FE-model for the individual human lumbar spine. Out
of a number of model features analyzed computationally,
reasonable approximations of the experimental data are
provided by this model. Future work will focus on better
understanding the sensitivity of FE predictions to variations in
material properties associated with factors such as degeneration
and the use of an optimization method based on differential
evolution to calibrate the FE-model the whole lumbar spine.
The approach for selecting such material properties involves
calibrating the model by choosing the properties that produce
the best compatibility with the in vivo and in vitro mechanical
response of the lumbar spine. Whether, these approximations
will be expressed terms of a FE-model for the intact L1-S1
finite element formulation, and the developed model could be
considered as a valuable tool for the investigation of mechanical
analysis of the lumbar segment in the perspective promote of
pre and postoperative clinical analysis.

Fig. 5. Simulation of different Physiological Functions: 10 Nm + 100 N
5. dbra  Szimuldcids eredmények kiilonbozs fizioldgiai hatdsokra: 10 Nm + 100 N
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Abstract

Numerous materials used in structural mechanics include a considerable amount of porosity.
In order to assess their stability under load, it is necessary to evaluate the stress and strain
concentrations around holes precisely. As a prerequisite for evaluations of stress distributions,
an accurate definition of strain is required. For this purpose, we here propose logarithmic
strain tensors in plane and spherical polar coordinates. It is demonstrated how the notion
of incompressibility may accurately be described on the basis of a finite strain approach.
Furthermore, the role of deviatoric and hydrostatic contributions to the stress is analyzed with

respect to possible failure mechanisms.

Keywords: finite strain approach, material frame indifference, objectivity of a tensor, strain energy

concentration

Kulcsszavak: véges nyllasok modszere, anyag nézdpont-fliggetlensége, tenzor objektivitas,

alakvaltozasi energia koncentracioé

1. Introduction

It is a well known fact that accurate calculations of structural
mechanics shouldbe donein the frame of a finite strain approach
considering all the nonlinear effects, which are relevant for the
stability of a structure. Nevertheless, the linearized theory of
elastic deformations is still widely used, because evaluations
may be carried out straightforwardly within reasonable time.
Furthermore, the predictions of the linear theory are usually
expected to converge against exact results in the limit of
small deformations. However, the performance of advanced
computer simulations has substantially increased in recent
years. Therefore, the possible issue of excessive computation
time related to nonlinear evaluations has lost its significance.
Consequently, it is here suggested that calculations of structural
mechanics should nowadays be performed on the basis of a
nonlinear theory.

In this context, we here give an example, where the
predictions of finite strain theory may be evaluated analytically.
It is demonstrated how the condition of incompressibility
is perfectly fulfilled during integration of the equilibrium
condition. For this purpose, the logarithmic strain, also called
Hencky strain [1, 2], is expressed in polar coordinates in order
to evaluate axisymmetric problems. Thereby, the material
volume of an incompressible solid is precisely preserved.
In contrast, the linear theory can only approximate such a
behavior, whereby large deformations are accompanied by
increasing deviations from exact results.

In this context it should be mentioned that the linearized
strain violates the principle of Euclidean objectivity, which
represents a prerequisite for the principle of material frame
indifference [3]. According to material objectivity, the
response of a material should be independent of the position

of an observer in space and time. But the linearized strain
tensor does not fulfil the requirements of an objective tensor.
Such considerations are already known in the theory of finite
strains. However, these problems are seldom treated in plane
or spherical polar coordinates. It is therefore the aim of the
present study, to extend the principles of finite strain theory to
geometries, which are naturally described in polar coordinates.

2. Problem statement

In order to demonstrate some issues related to the linearized
strain tensor, the classical solutions for a hole under uniform
stress are briefly addressed here. Let us assume a pipe consisting
of an isotropic, linear elastic material under internal and
external hydrostatic pressure, as depicted in Fig. 1.

Y

Fig. 1. A pipe under internal pressure p, and external pressure p,, schematically
1. dbra  Nyomds alatt all6 csé sémdja; belsé nyomds p, és kiilsé nyomds p,
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In his historical publication, Lame [4] applied polar coordinates
to solve this axisymmetric problem. In the axisymmetric case,
the equilibrium condition for the stress o reads

Jdo. O

I r

"% _ (1),

or r
where r denotes the radial and 0 the circumferential direction.
Further, axi-symmetry requires
Tr9=0(2a)andao-—99:0 (2b)
20
In this case, the linear strain tensor in polar coordinates
writes as
ou u
grr ==, 86’0 = -, and 81*0 = 0
or r
Here, u are the displacements in radial direction. On the
basis of Hooke’s law one arrives at the equation

d’u
or’
which is valid in both approximations, in plane strain as well

as in plane stress. The general solution of this equation reads as

u(r)=C, -r+g (5)
r

(3a-¢)

+——-—=0 4)

where C, and C, are coefficients which are to be determined
from boundary conditions. In the limit of large values for the
outer radius of the pipe, the sample represents a hole in an
infinite plate.

Let us now carry out the cross-check whether conservation
of volume is fulfilled, when the solution given above is applied
to incompressible materials: In plane strain approximation, the
condition for volume-conserving, axisymmetric deformations
may be expressed as

8rr + 8019 = 0 (6)

Inserting the definitions of (3 a, b) into (6) leads to the
differential equation

ou u
—+—=0 7
or r @)
This equation has the solution
u(r)=<2 ®)
r

Consequently, the term including constant C, may be omitted
in equation (5) when incompressible solids are considered.
One now may check the change of volume described by
deformation of the form (6). Let the inner and outer radius
of the undeformed state be r, and r, respectively. Assuming
a normalized thickness of the plane strain model, the volume
change AV during deformation according to (8) is

11
—— ©)
r v,

o 1

AV=C} 1

It is true that this result approaches 0 in the limit of
infinitesimal deformations. But unfortunately, the result of
equation (9) is not exactly zero!
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3. Finite strain tensor in polar coordinates

Finite strain tensors are well described in the Lagrangian
representation of continuum mechanics. The relation between
the coordinates X, of the deformed and the coordinates x of the
initial configuration is in Cartesian coordinates defined by the
deformation gradient tensor

X,
Fy ox;

Here, it should be mentioned that the exact condition of

incompressibility can be expressed as

det(F)=1. (11)

From the deformation gradient, one obtains the Cauchy-
Green tensor C through

C=F".F (12)
where F" is the transposed matrix of F. Thus, the stretch tensor
U may be derived from the relation

C=U" (13)
The matrices C and U are both symmetric and have the same

principal axes. Therefore, the stretch tensor U may also be
expressed with the help of the outer product

U= 4, 7 ®F,

where A, are the eigenvalues and 7, are the normalized
eigenvectors of C, respectively. Now, there are several
possibilities how finite strain tensors E may be defined with
use of C or U. If one, however, likes to obtain a condition for
incompressibility in the form of

(10)

(14)

r(E)=0, (15)
where tr denotes the trace of a matrix, then the Hencky strain
E=mn(U) (16)

is the right choice. The Hencky strain is also called logarithmic
strain. If one inserts (16) into (15), one gets a relation where
the product of the sample dimensions remains constant, and
this relation is equivalent to condition (11).

Let us now construct the equivalent expression in plane
polar coordinates, whereby we here restrict ourselves to the
axisymmetric case. Further, we here assume plane strain
conditions. In consequence, we are left with two strain
components pointing along orthogonal directions. By analogy
to the Hencky strain one derives

EW Zln(l-i-a—u) and Eae =11’1(r+u)
or r

Moreover, a similar expression can be derived for spherical
polar coordinates, where we have the coordinates r, 0 and ¢.
For simplicity, we focus our interest on the case of uniform
multiaxial stress around a spherical hole. Due to symmetry
reasons, the strain components E, E, o and Eq o re zero. Thus,
one obtains

0
Err =ln(1+a—u), Egg :E(l’(ﬂ zln(r+uJ.

r r

(17 a,b)

(18 a-c)
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Using the here mentioned strain tensors in plane or spherical
polar coordinates together with the required symmetry
conditions, one can express incompressibility of a material
according to equation (15).

4. Integration of differential equations

We are now in the position to integrate the differential
equations, which are obtained by inserting the logarithmic
strain in polar coordinates into the incompressibility condition.
In the case of plane strain, inserting of (17) into (15) yields

Ju r
or u+r

(19)

after simplification. The solution of this differential equation
reads as

ulr)=r’ +a—-r

where the integration constant a is related to the amount of
deformation. It is easily verified that a displacement field
described by (20) preserves the volume of a body during
deformation. Furthermore, a numerical similarity between the
solutions (8) and (20) can be found for small values of a.

By analogy, the three-dimensional case of equation (18) may
be evaluated. This time, one obtains the differential equation

(20)

2

L+ ou r
5 - 21
or \u+r @)
The solution of this equation reads as
u(r)=r’+b-r, (22)

where b denotes the integration constant. Like in the previous
case, conservation of volume may easily be verified for this
deformation mode.

It should be noticed that the solutions (20) and (22) are not
restricted to purely elastic materials. Instead, they may also be
applied to plastic deformations, but a detailed material model
would be necessary to evaluate further details. Furthermore,
the precise treatment of strain is also relevant for materials
undergoing a volume change under hydrostatic pressure. In
fact, many construction materials show a dependence of their
strength on hydrostatic pressure, as for instance considered in
the Drucker-Prager model [5] or its novel modifications [6]. In
this context, the precise use of strain tensors is a prerequisite
for implementation of such material models in computer
simulations.

5. Solutions for elastic materials

Here, the solutions for isotropic, linear elastic materials
are elaborated. Henceforth, compressible and incompressible
materials are both included in the considerations. Further,
we here at first consider the geometry and the loading case
depicted in Fig. 1.

In view of the axisymmetric geometry investigated here, it
appears convenient to rewrite the strain tensor

Err O O

E=| 0 E, O (23)
0 0 0
in terms of deviatoric and hydrostatic strains:
E® =E—%tr(E)-[ (24 a)
and
1

EM =§tr(E)~1, (24b)

where I is the 3-dimensional identity matrix. The corresponding
deviatoric and hydrostatic stresses are:

o =0~ %tr(a) (25 a)
o = %tr(a) v (25b)

Per definition, the hydrostatic stress tensor is related to the
pressure

p= —%tr(O') (26)

in the material. The orthogonal decomposition of stresses and
strains permits the separation of material properties related to
compression and shear:

For isotropic materials, two independent material parameters
are needed. We use the bulk modulus K related to the volume
change and the shear modulus G describing deviatoric
deformations. When now Hooke’s law is reformulated with use
of the logarithmic strain, it is necessary to avoid a change of
the material definitions. Hence, logarithmic strain components
must, for the moment, be converted to their linearized amounts.
This step is achieved according to the rules converting true
strains E into linearized strains €. Since

E=In(l+¢), (27 a)
the inverse transformation writes
E= exp{E}— L (27 b)

Of course, it would also be possible to utilize some
hyperelastic material law instead of keeping the definitions of
a Hookean material. However, it is the purpose of the present
investigation to study the effect of an improved strain definition
without making changes to the material law.

Consequently, Hooke’s law may be rewritten in the simple
form

o™ =2G- (exp{Ed” }— I))

p=—K-(explr(E);-1)

In the context of finite strain theory, deviatoric and
hydrostatic contributions to displacements may be considered
in consecutive steps. The hydrostatic deformation mode is
simply of the form u = C| - 7. Inserting the coordinates of
the hydrostatically deformed state as initial conditions into
equation (20) yields

(28 a)

(28 b)
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u(r):\/(c+l)2 rrta-r (29)
where the constants ¢ and a are to be determined from the
boundary conditions in combination with the material
law. Here, it should be recognized that the intermediate
transformation into a linearized strain according to (27 b)
did not disturb the improvements achieved by use of the
logarithmic strain.

By combination of the equations (23) through (29), the
hydrostatic pressure inside the elastic material turns out to be

p=—K~(2c+cz) (30)

We are now in the position to solve the boundary value
problem

Grr (rl ) = _pi (31 a)
and
Grr (ro ) = pe’ (31 b)

where p, and p, stand for the gas pressure at the inside and the
outside of the pipe. One obtains the equations

\3/c+12 7,

~p,=2G 1 [+ K(2c+c?)
(c+1) r”ta

and
3/ 2‘

p, =2G crln +K(2c+c?) (324, b)

(c+1)2r02 +a

for the constants c and a.

By analogy, one may also derive the solution for a spherical
hole described by the strain tensor (18 a-c). Deviatoric and
hydrostatic contributions to the strain take again the general
form of equations (24 a, b). The same can be said about
equations (25) through (28). The displacement field related to
the spherical hole under hydrostatic pressure is

u(r)=3(c+1) - r* +b-r (33)

forisotropic elastic materials. For this geometry, the hydrostatic
pressure inside the material reads as

p=-K(c* +3c* +3¢) (34)
The boundary value problem may again be formulated in the
style of equation (31 a,b). Consequently, one derives

2 2
=g et
Ye+1)r’ +b
K(c3 +3¢? +30) (35a)
and
2 2
p =2G (c+1)* -7, 1
Yle+1Yr° +b
K(c3 +3¢? +3c). (35b)
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The values for the constants a and ¢ may be determined from
this system of equations.

6. Concentration of strains around holes

Usually, the effect of the stress on a defect is discussed in terms
of stress concentration factors. However, it has already been
suggested to focus the interest rather on the increase of strain
energy around a defect [7]. Indeed, strain energy concentration
factors are not identical with stress concentration factors. The
strain concentration strongly depends on the relation between
the material parameters K and G. We will hereafter show that
extremely high strain energy concentrations are found around
holes in nearly incompressible materials. For this purpose,
the orthogonal decomposition of stresses and strains into
deviatoric and hydrostatic parts is once again utilized. Within
the linearized approximation the strain energy density reads as

W:%G:g:%K‘ﬂ”(g)z+G‘gdev:€dev (36)

In the finite strain approach, it is necessary to consider
the volume change aside from equations (28 a, b). Thus, one
obtains

W=w" W (37 a)

with

it = jg(exp{tr(g)_l}z Jav G7b)
Vv

W = IG(exp{E dev }— 1 )2 . exp{tr(E )}d V (37 ¢)

v
Let us now assume the geometry of a hole in an infinite plate

under uniform biaxial tension in plane strain approximation.
This means, we consider the geometry of Fig. 1 in the limit of
T, = °°. At the hole, the boundary condition writes as
o, =0. (38)
In order to solve this boundary value problem, it should be
recognized that the hydrostatic pressure is constant across the
whole sample volume due to equation (30). Further, the radial
components of hydrostatic and deviatoric stress tensor must be
on balance at the inside of the hole. This means, the correlated
radial components of equations (25 a and b) must compensate
there:

1
O-rr - E(O-rr + 0-019 + O-zz ) = p (39)

Considering the boundary condition (38) and o = -p, one
derives
Oup =2p (40)
for the circumferential stress at the hole. In combination with
equation (38) this leads to a stress concentration factor of K =

2 at the hole. On the other hand, the related deviatoric strain
component at the hole may be written as

1
EY =E, - gtr(E) (42)
Consequently, the equation

o’ =2G- (exp E® }— 1) (43)
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holds. Let us now compare the strain £ (00) far away from
d
the hole with the strain £ ,,,ev (Vi ) at the hole. Thus, one obtains

p
Inf1-—+—

Ey'(r) 2G
z (oo) = N (44)

)Ly

In the limit for small deformations one obtains

dev
Ey(n) K 45)

E,(=) G

Now, it has become clear that the strain concentration
factor depends on the ratio K/G of the material properties.
Consequently, the strain energy (37) includes a term of this
type.

The evaluations for the spherical hole can be derived by
analogy. For nearly incompressible materials, extremely high
concentrations of strain energy are found at the hole. For large
strains, the correction of finite strain theory is governed by the
relation between linear and logarithmic strains.

7. Discussion

The definition of strain is in principle independent of
the materials described. However, a precise definition of
material properties requires that the principle of material
frame indifference is satisfied. An objective strain tensor must
include an accurate description of the volume change in the
material. In this respect, the linearized strain tensor leads
to ambiguities, because it violates the principle of Euclidean
objectivity. We have therefore used an objective strain tensor,
which applies to axisymmetric problems. For this purpose, the
logarithmic strain was formulated for polar coordinates. In
this way, the material response to hydrostatic pressure could be
described precisely. A separation of deviatoric and hydrostatic
deformation modes was achieved on the basis of an orthogonal
decomposition of stresses and strains. In conclusion, the
concentrations of strain energy near holes could be evaluated.

Usually, evaluation methods derived from the linearized
theory are justified in the sense that solutions are easy to
calculate. In many applications, however, the solutions of
structural mechanics are evaluated on numerical level. Since
the efficiency of computer systems has enormously improved
in recent years, the argument suggesting that the linearized
strain was easy to compute has lost its relevance. In context
with computer simulations, it is often of advantage to work
with precise mathematical definitions, because of better
convergence behavior observed for iterative algorithms.

Nevertheless, it must be said that in the limit of infinitesimal
small deformations, the results of the present study agree with
predictions of linear elasticity.

8. Summary and conclusions

The deformations around holes in isotropic elastic materials
were evaluated in the frame of finite strain theory. The

logarithmic strain tensor was applied to plane and to spherical
polar coordinates, whereby axisymmetric geometries were
considered. Owing to the symmetry of the problem, the
equilibrium conditions simplified to ordinary differential
equations, which could be solved straightforwardly. In
consequence, the principle of material frame indifference was
strictly fulfilled.

Aninterestingdetail consistsin the orthogonal decomposition
of stresses and strains into deviatoric and hydrostatic parts. In
this way the material properties related to shear modulus G
and compression modulus K may be examined separately. In
particular, a low value of the shear modulus G in comparison
to the bulk modulus K can lead to tremendously high values of
the strain energy due to large deviatoric strains near the hole.

The geometries considered here are very simple. On the
other hand, analytical exact solutions are usually not derived
for complex structures. Nevertheless, the methods developed
here point the way how similar results can be obtained for
structures of general shape. Moreover, the geometry of small
holes inside a structure is of high relevance for materials with
porosity. Insofar, our results apply to numerous materials used
for structural mechanics.
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Abstract

The section of the Upper Silurian on the Western slope of the Subpolar Urals is located on the
Kozhym River bank. This paper presents the results of studying of the geological structure of the
upper Ludlowian section and data on lithology, geochemistry, and environment reconstructions
of carbonate-terrigenous deposits of the late Ludlow and at the boundary of the Ludlow and
Pridoli.

Keywords: environment, isotopes of carbonate carbon and oxygen, Ludlow, Pridoli, Sr/Ba ratio,
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1. Introduction

In the regional stratigraphic scheme of the Urals adopted
in 1991 the upper Ludlow on the investigated territory
corresponds to the Sizim Regional Stage (= Ludfordian). The
Lower Pridoli corresponds to the Belush’ya Regional Stage.
The boundary of the Ludlow and Pridoli is established in the
roof of the terrigenous-carbonate sequence [1, 2]. At the same
time, there is another approach to determining the boundary
between Ludlow and Pridioli [3].

This work is aimed to characterizing of the environment
reconstruction of the boundary beds of the Sizim Regional
Stage of Ludlow and Belush'ya Regional Stage of Pridoli.

The section of the boundary deposits of the Ludlow and
Pridoli (section 236) is located on the left bank of the Kozhym
River, in 700 m below the mouth of the Syv'yu River (Fig. I).

2. Materials and methods

More than 80 samples of carbonate rocks have been studied
to reconstruct the sedimentation environment of the Ludlow
and Pridoli boundary deposits. Stratified sampling was
conducted from all types of deposits transversely to stretch of
rocks, every 50 cm. The barium and strontium contents were
determined by the emission spectral analysis. Measurements of
the stable isotopes ratios of carbon and oxygen (§"°C and §'*O)
are made with mass spectrometer «<DELTA V Advantage». All
analytical works were carried out at the N.P. Yushkin Institute
of Geology of the Komi Scientific Centre of Ural Branch of
Russian Academy of Sciences (in further: SC UB RAS).
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Fig.1. Scheme of the location of the studied section in the Kozhym river
basin(latitude N65°40°0.86”, longitude E59°452.09”).
1. dbra A vizsgdlt szakasz helye a Kozhim-medencében (N65 ° 40°0.86 “szélesség,
E59 ©45°2.09” hossziisdg).

3. Results and discussion

By the ratio Sr / Ba in sediments of the same age is possible
to trace the transition from less saltwater sediments to normal
marine, the Sr / Ba ratio of more than one indicates marine
conditions, a ratio of less than one indicates a saltwater water
environment. The increase in this ratio indicates an increase in
salinity, and, conversely, it’s lowering - the decrease in salinity
(4, 5].

The distribution of the Sr / Ba ratio in the Upper Ludlow
sediments is uneven with numerous deviations in the direction
of increase and decrease, and varies from 0,57 to 30. The Sr /
Ba ratio in the Lower Pridoli deposits varies from 1 to 7,9 (Fig.
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2). Bearing in mind that most of the samples came from the
boundary deposits of Ludlow and Pridioli showed a Sr / Ba
ratio greater than one, it can be concluded that normal marine
environment were in palaeobasin at the boundary of Ludlow
and Pridoli.
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Fig. 2. Distribution of Sr-Ba values in the studied interval of the Ludlow and
Pridoli sections - (1); the boundary between normal-marine and desalinated
environments - (2).

Az Sr-Ba értékek eloszldsa a Ludlow és Pridoli szakaszok tanulmdnyozott

intervallumdban - (1); a normdl tengeri és a sotalan kornyezet kozotti

2. dbra

hatdrvonal - (2).

The concentration of strontium in the samples of the Upper
Ludlow varies from 46 to 450 ppm is shown in Fig. 3. We
must underline that the fault of this method can be obtained
up to 27,7 - 30%. The Clarke’ concentration of strontium in
carbonate rocks by A.A. Beus is 610 ppm [6]. The study samples
demonstrate lower Sr concentration. This is probably due to
the fact that these carbonate deposits formed under conditions
of hydrodynamic activity of water, at which strontium could
be released [7, 8]. Such values indicate the penetration of
freshwater in the basin [9].

The results of isotopic analysis of the boundary deposits
of Ludlow and Pridoli are shown in graphs (Figs. 3 and 4).
These results showed that none of the figurative points of
distribution of §"*C and §"0O in the carbonate rocks of the
Ludlow and Pridoli deposits did not fall within the range of the
isotopic composition characteristic of the carbonate of normal
sedimentary origin (Fig. 4). This probably indicates specific
environment of sedimentation of these carbonate rocks.

The isotopic composition of carbon in the studied carbonate
deposits of the upper Ludlow is characterized by a change in
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Fig. 3. 'The distribution of strontium, isotopes of carbonate carbon and oxygen in the boundary deposits of Ludlow and Pridoli on the Western slope of the Subpolar Urals (section
236). Legend: 1 - limestone; 2 - dolomite; 3 — limestone cloddy; 4 - limestone clayey; 5 - limestone detritus; 6 — marl; 7 - dolomitic limestone; 8 - argillite; 9 - clay; 10 -
pebble; 11 - mud cracks; 12 - covered interval; 13 - stromatoporoids; 14 - stromatolites; 15 - burrows; 16 - brachiopod coquina.

3. dbra A stroncium, a karbondt-szén és az oxigén izotdpjai az Urdl-hegység szubpoldris nyugati lejtéjén a Ludlow és a Pridoli hatdrovezetben (236. szakasz). Jelmagyardzat: 1 -
mészkd; 2 - dolomit; 3 — rogos mészkd; 4 — agyagos mészkd; 5 — tormelékes mészkd; 6 - mdrga; 7 - dolomitikus mészkd;
8 - agyagpala; 9 - agyag; 10 - kavics; 11 - sér repedések; 12 - fedett intervallum; 13 - stromatolit poroidok; 14 - stromatolitok; 15 - zdrvdnyok; 16 - spirdlis coquina.
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the value of §"*C from -2,8%o at the beginning, -7,8%o closer to
the middle part, then there is an increase in the values of §"°C
to -3,2%o in the upper part of the studied section. At the same
time, the value of §'%0 has a tendency to decrease from 27,1 to
20,4%o in the lower part of the section, then there is a tendency
to increase to 26,1%o in the middle part. The upper part of the
sequence demonstrates absence of significant changes in §'*O.

The isotopic composition of carbon and oxygen in the
deposits of the Lower Pridoli are characterized by an increase
in the values of §**C (from 3,6 to 1,7%o) and 6'*0O (from 23,6
to 24,6%o).

In general, the boundary deposits of the Ludlow and Pridoli
are characterized by lower values of §"*C (from -2,1 to-7,8%o)
compared with conventional marine carbonates (from -2
to 2%o) (Fig. 3). This probably indicates a sufficiently high
bioproductivity in the basin [10].
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Fig. 4. Distribution of §°C and §"0 in carbonate rocks of the Upper Ludlow and
Lower Pridoli deposits: 1 - Ludlow deposits; 2 - Pridoli deposits.
4. dbra A 813C és 8180 eloszldsa a felsé Ludlow és az alsé Pridoli karbondtos
kézetekben: 1 - Felsé Ludlow; 2 - Alsé Pridoli

The isotopic composition of oxygen in the carbonate deposits
of the upper Ludlow also has lower values of §'*0 (20,4 -27,1%o)
compared with conventional marine carbonates (28 — 30%o)
(Figs. 3 and 4). This may be a consequence of the influence of
two factors: insignificant desalination and higher temperatures
of paleobasin water. The fluctuation of the temperature gradient
can be associated with the water circulation, and the change in
the salinity of the water with the influx of fresh meteoric waters
[8]. At the turn of the Ludlow and Pridoli there is a cardinal
change in the composition of biota [11, 12].

4. Conclusion

Sedimentation in Ludlow occurred in a fairly bioproductive
basin with a relative low sea level, slightly desalinated and with
relatively high water temperatures.

Boundary deposits of the Ludlow and Pridoli were formed
in environment of increased hydrodynamics with periodic
influx of fresh water into the basin. Shallowing of the basin
in the late Ludlow followed by transgression in the early
Pridoli caused biotic turnover in the North Urals palaeobasin.
The basin occupied the north-eastern margin of the Baltia

palaeocontinent.
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Kornyezetvaltozas a Ludlowi és Pridoli korok hataran
(sarkvidéki Ural)

A szerz6k altal vizsgalt és jelen munkaban bemutatott
Fels®-Silurian szakasz az Ural-hegység sarkkdri (Subpolaris)
részének nyugati lejtdjén talalhatd, a Kozhim folyé partjan.
Ez a tanulmany bemutatja a Ludlow felsd szakasz geologiai
felépitésének szerkezetét, valamint vizsgéalati adatokat a
késo Ludlow illetve a Ludlow és a Pridoli hataraban talalhato
szarazfoldi karbonat leldhelyek litologiajara, geokémiajara
és kornyezeti rekonstrukcidjara vonatkozéan.
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