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Abstract: We develop and test a Bolzano or bisection type global optimization algorithm for
continuous real functions over a rectangle. The suggested method combines the branch and
bound technique with an always convergent solver of underdetermined nonlinear equations.
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1 Introduction

In this paper we study the minimization problem
f(x)=>min (f:R"->R, xeX=x",[liu]) €))
with f € C(X), and develop a method to find its global minimum. Assume that
[%s01,1f1ag] = equation_solve(f,c) 2)
denotes a solution algorithm for the single multivariate equation
f@=c (xeX) 3)

such that iflag = 1, if a true solution x,,; € X exists (thatis f (x,01) = ¢), and iflag =
—1, otherwise.

Let fiin = min{f (x) |x € X} be the global minimum of f, and let b; € R any lower
bound of f such that fy,j, > by. Let zop € Dy be any initial approximation to the
global minimum point (f (zo) > b1). The suggested algorithm then takes the form:
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Data: a; = f(z1), by, i=1
1 while a; — b; > tol do
2 ci=(ai+b;)/2
3 [€,iflag] = equation_solve(f,c;);
4 ififlag =1 then
5 | ziv1 =& a1 = (&), bip1 =b;;
6 else
7 \ Zitl = Zi» Ayl = @, b1 = ¢
8 end
9 i=i+1
10 end

Algorithm 1.

Using the idea of Algorithm 1 we can also determine a lower bound of f, if such a
bound is not known a priori (see later or [1]). Algorithm 1 has certain conceptual
similarities with the bisection algorithms of Shary [30], [31] and Wood [40], [41].

Theorem 1. Assume that f : R" — R is continuous and bounded from below by b.
Then Algorithm 1 is globally convergent in the sense that f (z;) = fumin-

Proof. At the start we have z; and the lower bound b; such that f(z;) > by. Then
we take the midpoint of this interval, i.e. ¢; = (f (z1) +b1) /2. If a solution & exists
such that f (&) = ¢y (iflag = 1), then ¢; = f(z2) > fmin > b1 holds by the initial
assumptions. If there is no solution of f (&) = ¢; (i.e. iflag = —1), then ¢ < fiin-
By continuing this way we always halve the inclusion interval (b;, f (z;)) for fiin-
Hence the method is convergent in the sense that f (z;) = fiin- |

Note that sequence {z;} is not necessarily convergent.

The performance of Algorithm 1 clearly depends on the equation solver, which for
n > 1, has to solve a sequence of underdetermined equations of the form (3).

In paper [1] we tested a version of Algorithm 1 that used a locally convergent non-
linear Kaczmarz method [38], [23], [24], [22] and a local minimizer for acceleration
as well. The algorithm showed fast convergence in most of the test problems, but in
some cases it also showed numerical instability, when ||V f (z;)|| was close to zero.
This and later experiments indicated that only “globally convergent” and gradient
free solvers are useful in the above scheme at the price of loosing speed.

Hence in [2], for one dimensional Lipschitz functions, we developed and success-
fully tested a version of Algorithm 1 that is based on an always convergent iteration
method of Szabé [36], [37].

Here we investigate two versions of Algorithm 1 that use an always convergent
iteration method (Galdntai [14]) for solving equations of the form (3). This solver
is based on continuous space-filling curves lying in the rectangle X and it has a kind
of monotone convergence to the nearest zero on the given curve, if it exists, or the
iterations leave the region in a finite number of steps.

Definition 1. Let r: [0,1] — [0,1]" (n > 2) be a continuous mapping. The curve
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r=r(t) (t € 10,1]) is space-filling if r is surjective.

Given a space-filling curve r: [0,1] — [0,1]" and the rectangle X = x| [/;, u;], the
mapping

hi(t) = (uwi—L)ri(t)+L, i=1,...,n
clearly fills up the whole rectangle X.

The use of space-filling curves in optimization was first suggested by Butz [5], [6],
and later by Strongin and others (see, e.g. [34], [35], [32]).

These methods reduce problem (1) to the one dimensional problem
f(h(¢)) > min (r €]0,1])

using mainly the Hilbert space filling function and one dimensional global mini-
mizers. We note that Butz [8] suggested the use of Hilbert’s space-filling functions
for solving nonlinear systems as well (see also [14]). However these dimension re-
duction type minimization methods are criticized by various authors pointing out
the limited use, speed and other matters (see, e.g. Torn and Zilinskas [39] or Pintér
[28]). Using complexity results of Nemirovksy and Yudin [27] Goertzel [16] argues
in favour of such methods if f is Lipschitz. For the global minimization of Lipschitz
functions, see, e.g. Hansen, Jaumard, Lu [18], [19], [20], [21] and Pintér [28].

Our aim here is only to assess the feasibility and reliability of Algorithm 1 using
space-filling based equation solvers, which seems to be a new approach.

Instead of space-filling curves we can also use @-dense curves introduced by Cher-
ruault and Guillez (see, e.g. [9], [17] or [10]).

Definition 2. Let I = [a,b] C R be an interval and X = x_, [l;,u;] C R" be a rect-
angle. The map x : 1 — X is an a-dense curve, if for every x € X, there existsat € |
such that ||x () — x|| < a.

The a-dense curves are not space-filling functions. Note that the practical approxi-
mations of space-filling curves are also a-dense curves for some ¢. For 2D, the kth
approximating polygon of the Hilbert curve is a-dense with o < v/2/2% (see, e.g.
Sagan [29]). Recently Mora [25] characterized the connection of space-filling and
o-dense curves.

In the rest of the paper we define the class of always convergent methods for solving
nonlinear equations in Section 2. Details and the results of numerical testing will be
given in Section 3. The numerical testing was performed on a set of 2D Lipschitz
continuous problems.

We close the paper with conclusions and the appendix of test problems.

2 Always convergent methods for nonlinear equations

Consider nonlinear equations of the form

f)=0 (R = R" xe X = xi, [li,u]), )
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where f is continuous on the rectangle X.

Assume that a continuous curve I' = {r(r) : 0 <t < 1} C X is given. We seek for
the solution of f(x) = 0 on the curve T, that is the solution of equation

flr(®)=0 (<0,1]), ©)

which is equivalent to the real equation

IFr@) =0 (t€[0,1]). (6)

Theorem 2. (Galdntai [14]). Assume that f : R" — R™ is continuous on the rect-
angle X = x| [lj,u;] and T' = {r(t) : 0 <t <1} C X is a continuous curve. Let
oy and @, be the modulus of continuity of f on X and T on [0, 1], respectively. As-
sume that pg,p, : [0,00) — [0,00) are continuous and strictly monotone increasing
functions so that

pr(0)=0, ps(8) =y (8) (§¢€[0,diam(X)]), limps(8)=e (7

and

Pr (O) =0, pr (6) > 0),«(6) (6 S [0, T]), (Slgr:opr(s) = (8

hold, respectively. Furthermore assume that
(a) F (x,y) is continuous in [0, 1] x [0,0);
(b)x>0,F(x,y)=x<y=0;
(¢) F(x,y) <x(x€0,1], y>0);
(d) Forx> & (x,£ €[0,1])and0 <y <x—&, F(x,y) > E.
(e) F (x,y) is strictly monotone increasing in x, and strictly monotone decreasing in
;
Define ¢ (t) = p;! (p}jl (||f(r(t))||)) (t € [0,1]). Let to = 1 and assume that
¢ (1) > 0. Define
livi = F (0 (6)  (0=0,1,2,...). ©)

Then {t;} is a strictly monotone decreasing sequence that converges to Emay if a root
Eof ||f(r())]] =0 exists in [0,1]. If no root exists, then the sequence {t;} leaves
the interval [0, 1] in a finite number of steps.

For the proof of theorem, see [14] or [15]. If I is a space-filling curve, then the
method clearly always convergent in the sense that it either converges to a solu-
tion (if exists) or it leaves the region in a finite number of iterations (if no solution
exist). If one selects a curve I that is not space-filling, the algorithm may fail to
find a zero. Note however that the space-filling functions used in practice are only
approximations to the true ones.

A function f is said to be Lipschitz B (0 < f < 1) with the Lipschitz constant L,
thatis f €Lipzf3, if

1f ) —FO <Llx—=y|P  (xyeDy). (10)
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Assume that f €Lip., 8 (0 < <1). Then wr(5) < Lf5ﬁ and we can select

B . s\VP . . . R
pr(8)=Ls6" andp, " (8) = <L7) . Similarly, if curve I"is Lipz.u (u € (0, 1]),
that is '

Ir(s) =r@ < Lrls—2* (1,5 €[0,7]), (1)

1/
then @, (8) < Lr&* and so we can take p,(8) = Lr8* and p, ! (8) = (%) H.
Thus

o) =p; 7 (I () = - (”““))”)B (12)

1
T L
LE 4

Based upon the numerical testing [14] we select F (x,y) = x —y, and the method

tiv1 :tif(p(t,') (i:(),l,...). (13)
Here we use the Hilbert space filling curve (see, e.g. [33], Butz [5], [7], [29], [3],
[35], [32]).
Lemma 1. The Hilbert mapping ry - [0,1] — [0,1]" is space-filling, nowhere differ-
entiable and Lipx L with Lr = 2+/n+3 and u = 1/n:

Iz (s) = ra ()] < Lefs =1 (5,2 € [0,1]). (14)

For a proof, see, e.g. [42]. For n = 2, the Lipschitz constant L = 2+/5 can be
replaced by the sharper value Lr = v/6 (Bauman [4]). The following figure shows
the recursive kth approximation of the Hilbert curve for k = 6.

Similarly to space-filling functions there are many a-dense curves (see, e.g. [10]).
Here we use the -dense curve of Cherruault [10] given by

(I —cos(w2nt)), i=1,...,n (15)

N =

xi(t) =

with @; = o' (for reasons, see [14]). For n =2 and ¢ = 1000, o =~ 0.0044. This
curve is smooth (¢ = 1) unlike the Hilbert curve, but it has a huge Lipschitz constant
(see, e.g. [14]). The following figure shows the Cherruault curve for o = 100 in 777
points.

3 The numerical experiments

We tested two algorithms. Namely, Algorithm 1 with given lower estimates for
the global minimum and the following modification of Algorithm1 that constructs a
lower bound for fiyin.
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Figure 1
Hilbert curve approximation for k = 6.
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Data: a; = f(z1), iflag=1,d=1,c=a;—d
while iflag =1 do

[€,iflag] = equation_solve(f,c);
if iflag = 1 then
| ai=f(§).za1=¢&d=2d,c=a —d;
else
‘ b] =C,
end
end
Data: i =1
while a; — b; > rol do
ci=(ai+bi)/2
[€,iflag] = equation_solve(f,c;);
if iflag = 1 then
| zir1 =& aiy1 = £(§). biy1 = bi;
else
| ziv1 =2zi @i = ai, bis1 =ci;
end
i=i+1
end

Algorithm 2.

We used the numerical solver (13) with the exit condition

IlLf (r @) < tol Vi = itmax.

(16)

- 182 -



Acta Polytechnica Hungarica Vol. 15, No. 1, 2018

0.9 S

0.8

0.7

0.6

0.5

0.4

0.3

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2
Cherruault 2D curve for o = 100.

We selected a set of two dimensional Lipschitz 1 test problems whose Lipschitz
constants were numerically estimated using standard techniques (see, e.g. [19],
[28]).

We used two versions of equation solver (13): one that is based on Hilbert’s space-
filling curve and a second one that is based on Cherruault’s o-dense curve (15).

For the computation of the 2D Hilbert curve we used the algorithm of page 52 of
Bader [3] with depth = 54, that computes the points of the curve with an error
proportional to 2% =5.5511 x 10~!7.

Since the stepsize ¢ (;) can be arbitrarily small, it is reasonable to impose the lower
bound @ (£;) > Epachine ON the iterates #;. For f €Lipz, 1 and r ELier%, this holds if

andonlyif || f (v (#;))]| > LfLrgriz/azchine ~6.67 x 1078L and we have the lower bound
tol > 6.67 x 10’8Lf for the tol parameter. The computer experiments of [14] and
also of Butz [8] indicate that frol can not be to small. Here we selected rol = 1le — 3
and itmax = le + 6 for the Hilbert’s curve based solver and itmax = le + 5 for the

a-dense based solver.

The computations were carried out in Matlab R2011b (64 bit) on a PC with Win-
dows 7 operating system and Intel I7 processor.

The CPU times and absolute errors of Algorithms 1 and 2 using Hilbert’s curve
based solver (Bolzano-v1H, Bolzano-v2H) are shown on the following two figures.
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CPU time and absolute error of Algorithm 2 using Hilbert’s curve based solver.

Here we can observe extremely big computational times for both algorithms (as
expected) and only a few absolute errors greater than 10 x fol. The computational
times of Algorithm 2 are somewhat less than in the case of Algorithm 1 (the average
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CPU time of Algorithm 2 is 797.89 sec. in opposition to the average CPU time of
Algorithm 1, which is 892.49 sec.). The absolute errors for Algorithm 1 exceed
10 x tol = 1e — 2 for the test problems number 7, 8, 14 and 22 while for Algorithm
2 the corresponding cases are the test problems number 7,8,9,14 and 22. A close
inspection of these cases reveals that the stepsize ¢ (;) of algorithm (13) become
less than &;,4¢pine, While ¢; was much bigger (only for cases ¢ ~ finin). Hence t;1 =1
was repeated due to the floating point arithmetic and it was stopped only by itmax.
This problem can be overcome using multiple precision arithmetic.

The CPU times and absolute errors of Algorithms 1 and 2 using a-dense curve
based solver (Bolzano-v1C, Bolzano-v2C) are shown on Figures 5 and 6.
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CPU time and absolute error of Algorithm 1 using a-dense curve based solver
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CPU time absolute error
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CPU time and absolute error of Algorithm 2 using a-dense curve based solver.

For these versions of Algorithms 1 and 2, the computational times are significant
less, while the achieved precision is also better. For Algorithm 1, none of the abso-
lute errors exceeds 10 X tol = le — 2, while for Algorithm 2, there is only one case,
test number 26, when the error exceed le — 2. It is, in fact, 0.010507.

A comparison of the four versions using the performance profile of Moré et al. [13],
[26] clearly shows the ranking of the Algorithms (see Figure 7).
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4 Conclusions

In the paper we described two general algorithms to find a global minimum of a
continuous function in an n-dimensional rectangle. The key point of our algorithms
is to solve underdetermined nonlinear equations of the form f(x) = ¢ with such a
method that gives unambiguously if the solution exists or not. For this purpose we
used a method that exploits the Hilbert space filling function and Cherruault’s o
dense function. We tested the algorithms for 40 two dimensional well-known test
problems. The experimental results clearly indicate that the solutions obtained by
the a-dense function based algorithms are much more accurate and require much
less execution time than the corresponding algorithms using the Hilbert space filling
function. The obtained results show also the reliability of the algorithms in the
numerical implementations too. Finally we have to mention that we still need to
analyze the cases when n > 2.

5 Appendix

Here we enlist the test problems.
1. Adjiman function

X1

X%ﬁ (xe[-1,2] x [-1,1]).

f(x) =cos(x;)sin(x) —
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2. Alpine 1 function

flx)= i |xisin (x;) +0.1x;]  (x € [-10,10]").

i=1

3. Alpine 2 function
n
flx)= H Xisin(x;), (x€][0,10]").
i=1
4. Bohachevsky 1 function
£(x) =22 +2:2 —0.3c0s (3mx1) — 0.4 cos (47x) +0.7 (x e[-1, 1]2) .

5. Bohachevsky 2 function

7(x) =22 + 252 —0.3c0s (37x1) cos (47x2) +0.3 <x e[-1, 1]2) .

6. Bohachevsky 3 function

£(x) =2 + 222 — 0.3c0s (3mx; +4mx) +0.3 (x e[-1, 1]2) .

7. Booth function

F) = (01 + 20— 7) + (2x1 +x2— 5)? (x e [-10, 10]2) .
8. Branin function

(x) = RILEE S 2+10 - 1 Y cos(x) 4 10
f(x)=1{x X7 ﬂxl py cos (xg ,

4n?
where x € [—5,10] x [0, 15].

9. Brown almost linear function
n
fO=Y K, (xe[-1,2"),
i=1

n
ﬁ(x)zxi+2xj—(n+l), 1<i<n-—1,
=

falx)= (ﬁ)@) —1.
=1

10. Bukin 12 function

f(x)=1000(|x; +5—pcos(p)|+|x2+5—psinp|)+p,

p= /(11 +57 + (0 +5) x€ [~10,0
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11. Chained crescent function 1

1

n
(Xinr (i1 — 1)* 201 — 1) ;

i=1

fx) = max{

1

n

1

(—xl-z — (i1 — 1) Fxi1 + 1) } ,

where x € [—1,1]".

12. Chained crescent function 2

n—1
f(x) =) max {xiz"_ (i1 — 1) xier — L—x? — (i1 — 1) 201 + 1}
i=1
xe[-1,1]".

13. Chained LQ function

n—1

fx) =Y max{—x;—xit1,—x —xi11 + (F+xy—1)} (xe[-1,1]").
i=1
14. Chained Mifflin function

1
f@) =Y (—xi+2(F+xf, — 1)+ L7557 +x7, — 1)) (xe[-1,4]").

i

3
|

Il
-

15. Chichinadze function

2 T . 1 _ (x270'5)2
=x7—12 11+10 — 8 - Z
f(x)=x7 x1 411+ 10cos (2x1) + 8sin (7x) \/ﬁe

x€[0,10] % [0,5].
16. Cosine mixture function

n n
fx)=-01Y cos(5mx;)+ Y 7 (xe[-1,1]", —=0.1<0<5m).
i=1 i=1
17. Cross in tray function

0.1

100- Y12
+1 (x e [-10, 10]2) .

f(x) =—0.0001 | |sin (x;)sin(x2)e

18. Deb function

flx)= —% Zn:sin6 (57x;)  (xe[—1,1]").
i=1
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19. Egg crate function

fx) = x% —&—x% +25 (sin2 (x1)+ sin® (xz)) (x € [—5,5]2> .

20. El-Attar-Vidyasagar-Dutta function

flx)= |x%+x2 —10[+ |x; +x%—7| + |x%—x§ —1| (x € [—5,5}2) )
21. Hosaki function

7 1
flx)= (1 —8x; + 7% — gx% + 4x411> Be ™ (x€[0,5]x[0,6]).

22. Levy function

n—1
f(x) = sin® (my;) + Z (yi— 1) (1+ 10sin? (my; + 1)+
i=1

(yn— 1)* (14 10sin? (27y,)) ,

where |
y,-:1+x’; (i=1,...,n), xe[-10,10]".
23. MAXHILB function
n xj
_ —1,1]").
fx) ggj;iﬂ_l (xe[-1,1")

24. McCormick function

£(x) = sin (x1 +x2) + (x1 —x2)% — %xl + %xﬁ—l (x € [-1.5,4] x [-3,3])

25. Michalewicz function

fx) = —;Sin(xi)sinzm <7rl) (x€0,7]", m=10).

26. Mishra 2 function

n—1

1 n—1 "_lzl‘:l (xi+xiy1)
)= <1+n—22(x;+xi+1)> (xe[0,1]").

i=1
27. Multimod function

f<x>=ix,-|f[1\x,\ (x e [~10,10]").

i=1
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28. Nesterov 2 function

n—1
F@ =124 Y e —28 41| (v [0,2]").
i

29. Nesterov 3 function

n—1

1 C n
f@) =g =1+ ) i =2l +1] (x€[0,2]").
i=1

30. Parsopoulos function
£(x) = cos (x1) +sin (x2)? (x € [—5,5}2) .
31. Pathological function

2
sin (/10057 +22,,)~0.5

f(x) :n)_:I 0.5+ > | (xe[~100,100").
i=1

1+40.001 (x7 — 2x;x;41 +x2,)

32. Pintér’s function
n n
fx) = Z ixl2 + Z isin? (xi—1 sinx; — x; +sinx; 1)
i=1 i=1
+ Ziln (1 +i(x,-2_1 — 2x; 4+ 3xj41 — cosx; + 1)2) ,
i=1
n

X0 = Xp, Xpy1 = X1, X € [—1,1]
33. Powell sum function
fE@=Y " (xel-1,1]").
i=1
34. Trigonometric function
S
f(x):Zf, (x)’ (xe[—l,l]"),

filx)=n— ilcos(xj) +i(1—cos(x;)) —sin (x;).

35. Ursem F1 function

f(x)=—sin(2x; —0.5w) —3cos (x2) —0.5x; (x € [-2.5,3] x[-2,2]).
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36. Ursem F3 function

(3—xl) (2= |x2)
4

—sin (0.57x3 4 0.57)

f(x) =—sin(2.27wx; +0.57)

2—a]) 2= |xl)
4 )

where x € [—2,2] x [-1.5,1.5].

37. Ursem F4 function

9 2452
f(x) = —3sin(0.5mx; +0.57) \/ﬁ (x € [—2,2]2) :

38. Vincent function

flx)=- isin(lOlog (x))) (x€]0.25,10").
=1

1

39. W function

[N

flx)=1- % icos (kxi)e™ (x€[-m,7]"),

i=1
where k is a parameter. kK = 10 for n = 2.

40. Yang function 1

X\ 2m " n
flx)= <e 1 (F> - 2e):i—1(""”>2> HC082 (xi),
i=1

m=5, =15 x€e[-1,4]"
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