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gyakorlatban az alkatrészbefogó készülékek ily 
módon csökkentik egy-egy művelet idő-
szükségletét vagy éppen óvják meg a 
munkadarab felületét a sérüléstől.  
 

 
7.ábra. [1] 

24.TRIZ alapelv: Közvetítő elem 
 
A 7. ábra a közvetítő közeg alkalma-

zásának egy „speciális esetét” szemlélteti. A 
rajzon kifejezetten érdekes, hogy nemcsak 
Ámor valósítja meg ezt a médium szerepet, de a 
nyílvesszők adagolásával maga a szerelemre 
szomjazó úriember is. 

 
4.7 Hőtágulás 
A 37. TRIZ alapelv egy mindenki számára 
ismert fizikai jelenséget, az anyagok 
hőmérsékletváltozáskor bekövetkező térfogat-
növekedését illetve csökkenését  kihasználó 
megoldásokat foglalja össze. Ezen elven 
működik a legtöbb hagyományos hőmérő, de 
szereléskor melegítéssel majd hűtéssel hozhatók 
létre erő  illetve nyomaték átvitelére is alkalmas 
zsugorkötések. 
 

 
8.ábra. [1] 

37.TRIZ alapelv: Hőtágulás 
 
A 8. ábra ehelyett egy sokkal élet-

közelibb probléma valószínűtlen megoldását 
mutatja be. A buszon való férőhelyek számának 
növelésétől függetlenül meggyőződésem, hogy 
forró nyári napokon legtöbb utazó örülne a 
hűtött váróteremnek, de a „hűtött utasokból” 
eredő férőhelynövekményt megszámolhatjuk 
akár télen is! 
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ABSTRACT 
The strength calculations play important role in 
the design of gears. These calculations are 
performed according to national or international 
standards. Models involved in these standards 
can be applied for gears with symmetric teeth. 
For gears rotating in the same direction and 
having asymmetric teeth, is necessary to modify 
the model. 
 
1. INTRODUCTION 
In gear design many aspects have to be 
considered. For the calculation of the strength, 
the knowledge of the forces acting on the gear 
teeth, the possible failure forms of the machine 
elements and the material properties of the gear 
body are necessary depending on the type of the 
gear drive [2]. The basic standards for the 
sizing provide guidance in the gear design with 
symmetric teeth. Nowadays, the researchers 
have published several results on the possibility 
of the formation of asymmetric gears (see e.g., 
[6]). The need for this kind of change is 
primarily aimed by increasing the load capacity 
of the gears. Non-symmetric gear tooth shape 
can arise for power drives when gears are 
rotating in the same direction. 

In this paper we are dealing with the 
determination of the stress at the tooth root for 
non-symmetric tooth shape for strength scaling. 
 
2. THE DEVELOPMENT OF THE 
STRENGTH SCALING 
The strength scaling processes has been 
changing significantly in the past two hundred 
years. In 1822, Tredgold was the first who 
introduced the strength calculations in sizing of 
the gears [2]. The attack of the force has been 
assumed on the edge of the head. This method 
has been further developed by Bach applying 
the idea that the body force was substituted by 
distributed force along the length of the tooth 

[1]. However, these calculation methods didn’t 
follow the exact shape of the tooth. 

Later, with the expansion of knowledge 
and experience, the specific gear failures, which 
are primarily affected by the operating 
conditions, were also considered. Therefore, the 
stress at the tooth root, the surface pressure and 
the seizure were based in the sizing. These 
calculation principles were separated in time. 

The earliest, the scaling for the tooth root 
capacity was spread. In 1893, Lewis developed 
a computational method that is taking into 
consideration the tooth shape [10]. The tooth, 
which was substituted by a parabola of uniform 
strength, was handled as a beam clamped at one 
end, i.e., a cantilever, and the loading force was 
assumed to be an evenly distributed force along 
the tooth length. His model is exhibited on Fig. 
1. 

 
 

Fig. 1. Lewis’ model 

 
For bending, the most dangerous section 

of the tooth is pointed by the point of the 
parabola which is tangent to the tooth root 
curve. The introduction of the notion of the 
tooth form factor is linked to Lewis. 

Later Hofer refined Lewis’ model. He 
marked out the dangerous section of the tooth 
root by straight lines angled 30° with the tooth 
centre line [11]. 

In 1908, Vidéky called the attention to 
the sizing for the surface pressure and through 
that for the influence of Hertz-stresses [12]. 
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This method was further developed by 
Buckingham in 1926. 

The seizure phenomenon called the 
researchers’ attention to the warm-up 
conditions [2]. In this topic, Almen and Block 
got results in 1937. Dudley determined the 
required lifetime of gears through his 
calculations in 1954. Niemann developed a 
method in 1965, how to calculate with the 
actual operating conditions. 

In 1950’s, research works were published 
at both national and international levels on the 
gear strength scaling [1], [2]. The design 
recommendations of the American Gear 
Manufacturers Association (AGMA) have been 
published. Ten years later, in 1970, the national 
standard DIN3990 – in West Germany – and 
the international standard ISO 6336 were 
issued. Nowadays, the main regulations 
governing the calculation of the tooth root 
stress are summarized in ANSI/AGMA 2101-
D04 (2004), DIN 3990-3 (1987), ISO 6336-
3:2006 (see [5]). 
 
3. MODEL CREATION 
The models applied in strength calculations for 
the determination of the load capacity of the 
tooth are partially different. The difference is 
mostly due to the fact that which component of 
the load force on the tooth or normal tooth force 
is taken into account. The components of the 
normal tooth force, which is perpendicular to 
the toot surface, raise different stresses at the 
tooth root. The tangential component rises 
bending and shears at the tooth root and the 
radial component causes pressure on the root 
[1]. The difference between the calculations is 
due to the fact that which stress the calculation 
is performed on. The models contain 
simplifications of the real operating 
circumstances which are taken into 
consideration into the model with various 
modifying factors. Some of these factors 
depend on the geometry of the model. 

For the calculation of the carrying 
capacity of the tooth root, one has to determine 
the nominal stress at the tooth root. The 
directives contain data of sizing for bending 
stress. The general form of the applied formula 
is given by expression (1), where F describes 
the nominal stress at the tooth root, b denotes 
tooth width, Ft the tangential component of the 
normal tooth force, m the module and YF stands 
for the tooth form factor. The calculation is to 
be performed on both members of the gear pair. 

t
F F

F = Y
bm

 (1) 

 
In each system, the determination of the 

tooth form factor depends on the type of the 
model. This means that the design methods can 
not be applied such that the tooth form factor is 
taken over from another method. 

 

 
 

Fig. 2. The calculation scheme of the load 

capacity of the tooth root when the bending is 

taken into consideration (Model 1) 
 

On Fig. 2., n-n denotes the line of action 
of the normal tooth force. Model 1 assumes that 
the tangential component of the normal tooth 
force load the tooth root is purely on bending 
and the tooth form factor is deduced from the 
bending stress written for the point G. This can 
be done when the normal tooth force is acting at 
an individual point (A) or at dual connection 
points (B). The values of  and  can be 
determined from the point set Pi (xi, yi) (i = 1, 2, 
…, n) of the base profile obtained by geometric 
mapping which is described by geometric 
conditions [8]. 

Model 2 is shown on Fig. 3. The tooth 
form factor is deduced from the tooth root 
stress at the point G and it counts with both 
components of the normal tooth force. 

 

 
 

Fig. 3. Both the bending and pressure are taken 

into consideration in the model of the load 

capacity for the tooth root (Model 2) 
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On Fig. 4., Model 3 considers the friction 
phenomenon at the contact points as well. At 
the entry of the contact, slipping occurs besides 
rolling (slipping with rolling). The resulting 
friction force together with the normal tooth 
force will change the load on the tooth. The 
tooth root stress, calculated at the point G will 
provide a different form as in Model 1 or in 
Model 2. 

 

 
 

Fig. 4. The load capacity model with the 

phenomena of bending, pressure and friction 

(Model 3) 

 
The calculation method of the tooth form 

factor should not be transferred from one 
system to another because the determining 
factors of the maximum value of the tooth root 
stress are also depend on the tooth shape and on 
the model. 
 
4. DEVIATING FROM THE STANDARD 
In case of gears rotating in the same direction, 
in a number of studies it was proved that the 
load capacity can be increased by the 
application of asymmetric toothed gears [7]. Di 
Francesco and Marini [7] have developed a 
computational method which allows the sizing 
of asymmetric gear teeth. Their concept is 
based on the ISO standard. The simplified view 
of their model is exhibited on Fig. 5. 
 

 
Fig. 5. Asymmetric tooth model by Di 

Francesco and Marini 

On the figure, the asymmetric tooth is 
denoted by letters HCAK’I’, the left side of the 
tooth is the active (load transfer) side. The 
symmetric tooth is indicated by HCDKI. In the 
model, the cross section dangerous for bending 
(line HK’) is located at the same distance from 
the gear centre as the cross section of the 
symmetric tooth (line HK) dangerous for 
bending. Line HK is appointed by the tangent 
lines which have angle 30° with the centre line 
of the symmetric tooth. Point L’ bisects HK’. 
The axis of the asymmetric tooth passes 
through the point L’. 

The point Y’ on the axis of the 
asymmetric tooth is the intersection point of the 
axis and the line of action of the normal tooth 
force. The authors took the distance between 
the dangerous cross section and the force 
component causing bending at the tooth root 
with LY due to the small difference. 

It should be noted that this approximation 
is not applicable for each model as the 
difference between LY and L’Y’ is not 
negligible e.g., at the model which counts with 
the friction, the intersection point of the line of 
action of the force and the modified symmetry 
line can result significantly larger deviation. 

Returning back to the model of [7], the 
authors have taken distance LY as the arm of 
the bending force. The difference comparing to 
the symmetrical tooth was resulted by the 
change of the tooth form factor and the stress 
concentration factor in the dangerous cross 
section (HK’). 
 
5. OPTIONS FOR THE DETERMINATION 
OF THE TOOTH ROOT FACTOR 
If we modify the model then we have to change 
the tooth form factor at the same time. 
According to the normal tooth force loading to 
the tooth and the friction, the asymmetry of the 
tooth causes significant changes in the model. 

The operational and supporting sides of 
the tooth are different which phenomenon is 
generated by the different profile angles of the 
basic profile and the different radii of the top 
roundings at the tooth root. As a result, the 
cross section of the tooth root will change, will 
increase, which is also modified by the number 
of teeth and the profile shift when we do not 
use uncorrected toothing. Similar problem can 
be found in [9], where the author deals with the 
existence of the teeth area, the gear geometric 
data and the dimension of tooth root curve. 

This method was further developed by 
Buckingham in 1926. 

The seizure phenomenon called the 
researchers’ attention to the warm-up 
conditions [2]. In this topic, Almen and Block 
got results in 1937. Dudley determined the 
required lifetime of gears through his 
calculations in 1954. Niemann developed a 
method in 1965, how to calculate with the 
actual operating conditions. 

In 1950’s, research works were published 
at both national and international levels on the 
gear strength scaling [1], [2]. The design 
recommendations of the American Gear 
Manufacturers Association (AGMA) have been 
published. Ten years later, in 1970, the national 
standard DIN3990 – in West Germany – and 
the international standard ISO 6336 were 
issued. Nowadays, the main regulations 
governing the calculation of the tooth root 
stress are summarized in ANSI/AGMA 2101-
D04 (2004), DIN 3990-3 (1987), ISO 6336-
3:2006 (see [5]). 
 
3. MODEL CREATION 
The models applied in strength calculations for 
the determination of the load capacity of the 
tooth are partially different. The difference is 
mostly due to the fact that which component of 
the load force on the tooth or normal tooth force 
is taken into account. The components of the 
normal tooth force, which is perpendicular to 
the toot surface, raise different stresses at the 
tooth root. The tangential component rises 
bending and shears at the tooth root and the 
radial component causes pressure on the root 
[1]. The difference between the calculations is 
due to the fact that which stress the calculation 
is performed on. The models contain 
simplifications of the real operating 
circumstances which are taken into 
consideration into the model with various 
modifying factors. Some of these factors 
depend on the geometry of the model. 

For the calculation of the carrying 
capacity of the tooth root, one has to determine 
the nominal stress at the tooth root. The 
directives contain data of sizing for bending 
stress. The general form of the applied formula 
is given by expression (1), where F describes 
the nominal stress at the tooth root, b denotes 
tooth width, Ft the tangential component of the 
normal tooth force, m the module and YF stands 
for the tooth form factor. The calculation is to 
be performed on both members of the gear pair. 

t
F F
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bm
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In each system, the determination of the 

tooth form factor depends on the type of the 
model. This means that the design methods can 
not be applied such that the tooth form factor is 
taken over from another method. 

 

 
 

Fig. 2. The calculation scheme of the load 

capacity of the tooth root when the bending is 

taken into consideration (Model 1) 
 

On Fig. 2., n-n denotes the line of action 
of the normal tooth force. Model 1 assumes that 
the tangential component of the normal tooth 
force load the tooth root is purely on bending 
and the tooth form factor is deduced from the 
bending stress written for the point G. This can 
be done when the normal tooth force is acting at 
an individual point (A) or at dual connection 
points (B). The values of  and  can be 
determined from the point set Pi (xi, yi) (i = 1, 2, 
…, n) of the base profile obtained by geometric 
mapping which is described by geometric 
conditions [8]. 

Model 2 is shown on Fig. 3. The tooth 
form factor is deduced from the tooth root 
stress at the point G and it counts with both 
components of the normal tooth force. 

 

 
 

Fig. 3. Both the bending and pressure are taken 

into consideration in the model of the load 

capacity for the tooth root (Model 2) 
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The concept of the proper choice of the 
“new” dangerous cross section and the 
placement of the axis of this section is an 
important question. 

 

 
 

Fig. 6. Computational model for asymmetric 

tooth 

 
Due to the changed geometry, an 

additional question arises: where the greatest 
stress occurs in the tooth root? The tangent line 
to the tooth root curve for involute derived by 
profile angle different than 20°, can be edited 
with another angle to the axis of the asymmetric 
tooth as in the symmetric case. These questions 
need to be answered after calculations. 

Among the factors involved in the 
nominal tooth root stress, beside the tooth form 
factor the stress concentration factor depends 
on the geometrical shape of the model. This 
paper is not concerned with the latter. 
 
6. SUMMARY 
The standards of gear sizing are developed for 
the strength calculation of the symmetric tooth 
shape for specific model describing the 
geometry of the tooth. In case of power drives, 
the sizing is basically done for bearing capacity 
of the tooth root. A number of researches are 
published on the applicability of the 
asymmetric tooth gears from the point of 
increasing the capacity. Computational models 
have been proposed for the modifications which 
handle the asymmetry. In order to approximate 
the processes more accurately it is necessary to 
develop model which follows better the 
changes of the geometry and which takes into 
consideration the friction besides the 
components of the normal tooth force. 
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Ívelt fogú fogaskerék kapcsolat végeselemes vizsgálata

Finite element analysis of curved-tooth gear connection
Forberger Árpád, doktorandusz hallgató, 

Dr. Lovas László, egyetemi docens, BME-JSZT, 1111, Budapest, Műegyetem rkp. 3.

ABSTRACT.  In this paper a curved-tooth 
hypoid gear connection is considered. Finite 
element model is used to compute the contact 
pattern and the corresponding stress and strain 
values. Simulation results are close to real 
engineering contact path.

1. BEVEZETÉS
Ebben cikkben egy ívelt fogaskerék pár 
érintkezési problémáját vizsgáljuk. Terhelés 
alatt a kapcsolat során a fogak az érintkezési 
pont környezetében deformálódnak. Ennek 
mértéke többek között függ a fogpár  
merevségétől, valamint a terhelés nagyságától.  
Egy fogpár összegordítése során, amikor a 
fogpár kapcsolódik, a deformált terület 

folyamatosan vándorol. A számítás célja a 
terhelés alatti kapcsolat során az érintkezési 
felület nagyságának, valamint a kialakuló 
feszültségek nagyságának megállapítása. A 
vizsgált modellek egy 17 fogú kúpkerék és 37 
fogú tányérkerék. A modellek a vizsgálat során 
az áttétel arányában lettek elforgatva. A 
vizsgálatot kvázi statikus módszerrel végeztük, 
a merevtest szerű elfordulásokat diszkrét 
lépésekben végezve el.

2. Végeselem modell
2.1 Vizsgálati módszer
Érintkezési feladatok numerikus megoldására 
számtalan algoritmus létezik. Egyik megoldás 

a penalty módszer. Az alapja a penalty faktor, 
ami az érintkezésben levő deformálható testek 
átfedését jellemzi [1, 2, 3]. Néhány esetben ez 
az eljárás gyorsabb számítást és az Augmented 
Lagrangehoz képest simább konvergálást 
jelent. Az is lehetséges ezzel az eljárással, 
hogy a penalty faktor δ Þnomhangol‡s‡val 
stabilabb algoritmus érhető el, még nagyfokú 

nemlineáris feladatok esetén is. A penalty 
módszer a kontakt felületi nyomás 
kiszámolásához egy T0 kezdeti kontakt 

nyomást és egy időben állandó δ penalty 
tényezőt használ. A terhelést az alábbi módon 
számoljuk	



Tn =
T0 − pe ,ha g ≤ 0,
T0e

− pe/T0 ,egyébként,

⎧
⎨
⎪

⎩⎪ (1)

ahol pe = Ehmin.δg ,
g - helyi átfedés mértéke,  
E -  a rugalmassági modulus,
hmin.  - a minimális elemméret az érintkezés 
során. Testek átfedését g < 0 érték jellemzi. 
Interferencia esetén az alkalmazott terhelés 
lineárisan növekszik a penalty tényező 
segítségével. Abban az esetben ha nincs 
interferencia (g > 0), akkor a terhelés 
exponenciálisan csökken a kontakt felületek 
távolságának arányával. Ezzel a módszerrel a 

2. ábra. A használt végeselem háló, kiemelve 
az érintkezési felületekkel.

1. ábra. A geometriai modell.


