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ÖSSZEFOGLALÓ. A tanulmány tárgyát téglalap 
keresztmetszet  állandó görbület  funkcionálisan 
gradiens bimodulusú rúd tiszta hajlítási feladata 
alkotja. A rúd anyagának rugalmassági modulusa 
húzásra és nyomásra a radiális koordináta el írt 
függvénye. A semleges réteg pozícióját a geomet-
riai méretek és a radiális normál feszültség-radiá-
lis fajlagos nyúlás kapcsolatát megadó függvény 
kett s határozza meg. A dolgozat megadja a radi-
ális és a tangenciális normál feszültségek képle-
teit, a von Mises feszültség formuláját, továbbá a 
radiális és tangenciális elmozdulásokat, valamint 
a keresztmetszetek szögelfordulását. A kidolgo-
zott analitikus módszer alkalmazását egy példa 
szemlélteti. 

SUMMARY: The object of this study is the bend-
ing problem of curved beam with rectangular 
cross section made of functionally graded material 
with double modulus. The modulus of elasticity of 
the material of curved beam for tension and com-
pression are the prescribed functions of the radial 
coordinate. The position of the neutral layer is de-
termined by the geometric dimensions and the 
functions defining the relationship between the 
normal stress and normal strain. The paper gives 
the formulae for the radial and circumferential 
normal stresses, as well as the radial and circum-
ferential displacements, as well as the angular ro-
tations of cross sections. The application of the 
developed analytical method is illustrated by a nu-
merical example. 
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1 INTRODUCTION 

Already de Saint-Venant had noted, that certain 
materials behave differently under tension and 
compression [1]. In the case of small deformations 
for tension and compression linear functions give 
the relationship between the normal stress and 
normal strains. (see Figure 1). The following 

constitutive law is valid for elastic materials with 
double Young modulus  

 (1) 
where  is the normal stress,  is the normal strain, 

 and  are the normal moduli of elasticity. 

 
Figure 1 Stress-strain diagram. 

 
Book of Ambartsumyan deals with the solutions 
for many problems of beams, disks, plates and 
shells [3]. Cited book of Ambarsumyan uses such 
constitutive law which satisfies the following 
symmetry conditions 

 (2) 

In equation (2)  and  are the Poisson number. 
Timoshenko gives the solution of bending prob-
lem for beam with straight axis [2]. The text book 
by Timoshenko presents closed form solution for 
pure bending which can be extended to nonhomo-
geneous bending assuming that the bending mo-
ment has constant sign, that is on the whole beam 

 or . This paper deals with the pure 
bending of curved beam made of functionally 
grade material with double Young modulus. The 
material property is a second order power function 
of the radial coordinate . The computations are 
done in the cylindrical coordinate system ,  
denotes the radial coordinate,  is the polar angle 
and  is the axial coordinate The unit vectors of 
the cylindrical coordinate system  are 

,  and  (see Figure 2). 
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Figure 2 Pure bending of curved beam made 

of FG material with double modulus. 
 
The thickness of the curved beam measured in di-
rection of axis  is  The Young moduli 
of the beam are denoted by  and  

 (3) 

where  and  are the Young moduli at  
and at  respectively. On the upper part of 
the curved beam , and on the lower part of 
the curved beam . The position of the neu-
tral layer is determined by the radial coordinate  

.  
It is evident that  and . The 
circumferential normal strain  can be 
represented as according to paper [4] 

 (4) 

Here,  is the radial displacement, 
 is the rotation of the cross section. The pos-

sibility of the strain field given by equation (4) 
follows from the following displacement field 

 (5) 

where  is the radial displacement, 
 is the one of the component of circum-

ferential displacement and  is the cross 
sectional rotation [4]. All the strains, except for 
the circumferential normal strain  are zero. It is 
evident, in the case of pure bending ,  and  
do not depend on the polar coordinate , so that 

 (6) 

(7) 

since . The following conditions of the 
global equilibrium are valid 

 (8) 

(9) 

 
2 SOLUTION OF THE PURE BENDING 
PROBLEM OF CURVED BEAM 

At first, we give the detailed form of equation (8) 
which is 

 

 

 

(10) 

After some elementary computations equation 
(10) can be written in the form 

 
(11) 

The root of equation (11) which satisfies the con-
dition  gives the position of the neu-
tral layer. We note that  does not depend on the 
value of the applied bending moment. 

Moment equilibrium equation can be written the 
following form 

 (12) 

where 

 

(13) 

Expression of the circumferential normal stress 
can be given as 

 (14) 

(15) 

(16) 

Here,  is the Heaviside function 

 (17) 

To obtain the formula of radial normal stress  
the following equilibrium equation is used [5,6] 
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 (18) 

The solution of the ordinary differential equation 
for  is 

 (19) 

 (20) 

Expression of von Mises stresses  can be com-
puted from equation (21) [5,6] 

 (21) 

The connection between the radial displacement 
 and  is 

 (22) 

The circumferential displacement in terms of 
 is 

 (23) 

The solution of the differential equations (22) and 
(23) under the condition (Figure 2) 

 (24) 

are  
 
 (25) 

From equation (4) the expression of cross-sec-
tional rotation can be computed (Figure 2) 

 (26) 

Here, it is assumed that  

 
3 NUMERICAL EXAMPLE 

The following data are used in the numerical ex-
ample  

 
 

 

Figure 3 shows the plot of the circumferential nor-
mal stress  as a function of . 
 
 
 

 
Figure 3 The graph of the circumferential normal 
stress. 
 
The plot of the radial normal stress as a function 
of  is presented in Figure 4  
 

 
Figure 4 The plot of the radial normal stress  
 
The distribution of the von Mises stress is given 
by Figure 5  

 
Figure 5 The plot of  
 

The maximum value of  is 
 The plot of the radial dis-

placement as a function of  is presented in Figure 
6. 
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Figure 6 The graph of the  

The plot of  is illustrated in Figure 7. 

Figure 7 The plot of  

The cross sectional rotation of curved beam as a 
function of  is given in Figure 8. 

Figure 8 The plot of the cross sectional rotation 
 

5 CONCLUSIONS 

The paper deals with the pure bending of curved 
beam with rectangular cross section. The beam is 
made of functionally graded bimodulus material. 
The moduli of elasticity, which are different for 
tension and compression depend on the radial co-
ordinate. The presented solution is obtained by the 
application of a strength of material formulation.  
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