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Abstract—Nanoaerosols are present in the atmosphere in high concentrations. They are 
formed from the gas phase by homogeneous or heterogeneous condensation. Natural 
radioactive aerosol (radon daughter elements) can also be of nanometric or even sub­
nanometric size. Nanometric aerosols are also found in some industrial conditions such as: 
furnaces, combustion, chemical reactors for synthetic materials, nanostructures, ceramics, 
etc. In this paper we review the nanometric aerosol generators for polydisperse aerosols 
based on spraying and evaporation-condensation. We also consider electric selection for 
monodisperse generation (with the Differential Mobility Analyzer and the Spectometre de 
Mobilite Electrique Circulaire). We examine the detection of this aerosol using the «ltrafine 
condensation nucleus counter (UCNC) and its sizing with the differential mobility analyzer 
(DMA) or diffusion battery. Finally we review another device for determining the diameter 
of nanometric and subnanometric aerosols: the supersonic impactor.

Key-words: nanoparticles, aerosols, granulometry.

1. Introduction

Nanometric aerosols are increasingly studied by specialists both in aerosol 
science and nanostructure technology. In fact, it is an area where a number of 
different domains overlap: the vast field of aerosol mechanics (studied by 
aerosol physicists for more than a quarter of a century), solid-state physics and 
chemistry at nanometric level. However, these aerosols have been known and 
studied since the last century (Coulier, 1875; Aitken, 1888). Aitken was the first 
to measure the concentration of condensation nuclei in air (sometimes called 
Aitken nuclei) in 1910. In 1951 Pollack and Murphy confirmed his results. 
O ’Connor et al. (1961) demonstrated that the majority of these nuclei,
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resulting from gas-particle conversion, have a diameter of less than 11 nm 
and are electrically neutral. The aerosol produced by algae left by the sea (low 
tide) is also nanometric and present in high concentration in the air, more than 
106 cm“3 according to the work of Paugam (1978).

On the other hand, the sizes of natural radioactive aerosol particles (radon 
daughter products) in the air in a free state vary from a few angstroms to a few 
nanometers (Malet et al., 1996a and b; Hopke, 1990). Natural radioactive 
aerosol conforms to the laws of aerosol physics, of course, just as non- 
radioactive aerosols and, in addition, can be detected using techniques for 
radioactivity (Renoux, 1996; Kerouanton et al., 1996; Mesbah et al., 1996; 
Olawin et al., 1995). Gas particle conversion in sea air over continental coasts 
gives rise to high nanometric aerosol concentration (Jymen et al., 1995). 
Nanometric aerosols are also found in many other conditions (combustion 
process, chemical reactors, electric ovens, electrical discharges, etc.).

Due to its size this aerosol is, of course, greatly influenced by the activity 
of the carrier gas molecules. It is therefore subject to Brownian movement. It 
obeys Einstein’s law which expresses its average quadratic movement in terms 
of time and its diffusion coefficient, the latter dependent upon the size of the 
aerosol (Malet et al., 1996b).

In this article we will pass in review the means of generating this aerosol 
along with techniques for measuring its size and its concentration in the air.

2. Detection of the nanometric aerosol

To detect this aerosol we use either its capacity to “grow” to a size which is 
relatively easy to exploit or its capacity to carry electric charges producing a 
measurable electric current. There are, therefore, two particle concentration 
measuring devices based on these two properties which can detect nanometric 
aerosols. The condensation nucleus counter enlarges the aerosol before detecting 
it optically. The electrometer measures an electric current (weak in general) 
induced by an air flow, the aerosols having previously been electrically 
charged.

2.1 The condensation nucleus counter (CNC)

The condensation nucleus counter is the device used for detecting fine, ultrafine 
and nanometric particles. It can “see” particles down to one nanometer in 
diameter. This device works according to the same principle as the first counter 
(.Aitken, 1888, 1891), i.e. the particles are enlarged by condensable vapor 
before counting. Aitken used water vapor to form water droplets by conden­
sation on each of the nuclei, which he then counted individually and visually.
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The Poliak counter (Nollan and Poliak, 1946) was the first photoelectric counter 
based on the attenuation of a light ray by droplets, again, of water. These 
counters, along with the commercial versions which followed, use adiabatic 
expansion to make water vapor condense on the particles. Bricard et al. (1972, 
1974, 1976) in France, Sinclair and Hoops (1975) in the United States propose 
a so-called “continuous flow” counter using butyl vapor to enlarge the aerosol 
to be detected. The air-borne aerosols, introduced above a tank of butanol, 
enter a heated horizontal tube to be saturated in vapor and then arrive in a 
second tube maintained at a low temperature. This tube, called a condenser, is 
where the butanol condenses on the aerosol particles. The droplets formed in 
this way, in the ten to twelve microns range (Agarwal et al., 1977), are 
detected by an optical system. This device described and calibrated by Agarwal 
and Sem (1980) has been marketed by the American firm TSI (Thermo System 
Incorporation) under the name of CNC 3020. Its counting efficiency is only 
50% for diameters of 10 nm with a sampling rate of 0.3 liter per minute. TSI 
has introduced two counting systems into this device (photometric and 
individual) which allow the measurement of concentration between 0.01 to 107 
particles per cubic centimeter. A few years later the addition of an optical laser 
and a bypass loop on the air circuit allowed TSI to reduce the detectable 
diameter to 7 nm and increase the sampling rate to 1.4 liter per minute. The 
rate for enlarged aerosols remained to be 0.3 liter per minute. In fact the CNC 
only gives an integral measure of the aerosol. It does not make it possible to 
discover the initial diameter of the nucleus. Nolan (1972) and Liu et al. (1975) 
review the different types of CNC and their development.

Scientific research in this field of metrology (optical detection after 
enlargement), branched out into two main directions following the development 
of the CNC. In the United States it focused on the detection of finer and finer 
diameters. In France work was concentrated mainly on increasing the rate of 
sampling. Research into diameter led to devices becoming available on the 
market. For industrial reasons, commercial or otherwise, high yield devices are 
not currently available, although a patent has been filed and sold by the CEA.

2.1.1 Ultrafine CNC

The so-called “ultrafine” CNC (TSI Model 3025) has a counting efficacy of 
more than 50% for 3 nm aerosols. It can detect even smaller diameters but with 
an efficiency which is much less reliable. This device is based on the work on 
heterogeneous condensation in a refrigerated pipe by Metayer et al. (1982), 
Metayer (1982), Liu et al. (1982), Wilson et al. (1983), Stolzenburg and 
McMurry (1984), Bartz et al. (1985), Keady et al. (1988) and Stolzenberg 
(1988). The operating principle is practically the same (Fig. 1), apart from the 
condensation. The aerosol is injected into the centre of the condenser which is,
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in this case, coaxial. Filtered air saturated with butanol vapor accompanies the 
aerosol through the condenser to reduce losses by diffusion through the walls. 
Also to reduce losses, the aerosol does not go right through the saturator. The 
main part of the sampling (1.4 liter per minute of air-borne aerosols) is filtered, 
dried and then passed into the saturator before joining the rest of the sampling 
(0.3 liter per minute) which has not been filtered and which has passed through 
a capillary tube only a few centimeters in length. In this way the losses by 
diffusion of the ultrafine aerosol is reduced to a minimum and finer and finer 
nuclei are activated. This CNC (TSI Model 3025), known as the ultrafine CNC 
(UCNC), is limited to concentrations of 105 particles per cubic centimeter to 
avoid coagulation.

Fig. 1. Schematic cross section of the continuous-flow ultrafine CNC (UCNC).

2.1.2 High-flow CNC

French research on the CNC (CEA -  Paris XII University) has investigated the 
problem of yield. Continuing the work of Metayer (1982), Assa Achy (1987) 
developed a high-flow CNC. He designed a new CNC (still based on the 
principle of continuous flow) capable of detecting aerosols of 10 nm with an 
efficacy higher than 50% and extracting 28.4 liters per minute! It should be 
recalled that standard TSI CNCs do not exceed 1.4 liter per minute. The CEA 
received a patent for this device bought by an American company which has 
never put it on the market. On the other hand, the possibility of distinguishing 
nuclei from the produced droplets has been investigated. Indeed, according to 
Stolzenburg (1988) and Ahn (1990) the size of the nucleus depends on the size 
of the final droplet. Rebours et al. (1996), Rebours (1994) continued the work

4



of Metayer (1982) and Assa Achy (1987) and found, using a system of high 
yield particle enlargement, an indisputable relation of dependence between the 
size of the drops and the size of the nuclei when the latter was between 4 and 
20 nm, making it feasible to use a high flow nanometric granulometer. This 
device has an activation efficiency of 100% for nuclei of 4 nm.

Fig. 2. Schematic cross section of the aerosol electrometer.

3.3 Electrometer

The electrometer, (Fig. 2) is a device composed of a Faraday cup and an 
ammeter capable of measuring very weak currents (in the order of 10 15 A). 
Thanks to this device the volume concentration of an aerosol can be measured 
if the electric charge carried by each particle is known (Lui and Pui, 1974; 
Sem, 1975). Moreover the capture or detection efficacy of the electrometer does 
not depend on the size of the aerosol particles (Winklmeyer et al., 1991; 
Wiedensohler et al., 1994). In this device the air containing the electrically 
charged particles enters the Faraday cage to cross a filter with a very high 
efficiency. The filter placed under a wire mesh traps the particles whilst their 
electrical charges are recuperated by the mesh and sent to an electrical detector 
(electrometer). As in case of the CNC, the electrometer gives the concentration 
of the aerosol but not the size of the particles. The measured current i is a 
function of the volume output Qv, of the aerosol entering the cup, of the 
number of charges n carried by each particle, of the elementary charge e and of 
the concentration of particles C. The current is given by the following relation: i

i = C n e Qv.
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3. Generation of nanometric aerosols

There are several types of generators for polydisperse or quasi-monodisperse 
nanometric aerosols, for instance the heated wire generator (O ’Connor and 
Roddy, 1966), exploded wire generator (Phalen, 1972), electric arc generator 
(Boffa and Pfender, 1973) and electron torch generator (Tarroni et al., 1974). 
They all, however, have a major flaw: unstable generation over time. Only 
generators using homogeneous condensation and “electrospraying” can give a 
stable nanometric aerosol (Fig. 3).

Fig. 3. Schematic cross section of the particle growth system.

3.1 Generation by evaporation condensation

Various publications deal with different examples of this type of generator. 
They are described by Spumy and Hampl (1965), Spumy and Lodge (1968, 
1972, 1973), Spumy et al. (1980), Sutugin et al. (1970/1971) and Dousaka et 
al. (1982). They all use a furnace to vaporize a substance which, by homogene­
ous condensation, produces a highly concentrated polydisperse aerosol, (ag »  
2.5). We will consider the devices giving the best ag.

To obtain high concentrations of nanometric aerosols, Scheible and 
Porstendorfer (1983) suggest to vaporize a substance (NaCl or Ag) in a tube 
furnace under a nitrogen flow. The vapor-nitrogen mixture is cooled to ambient 
temperature when leaving the furnace into the extension of the tube (Fig. 4). 
The aerosol obtained is not very polydisperse (ag = 1.3 to 2.0). The aerosol 
volume concentration exceeds 106 particles per cm3. The largest diameters are 
obtained for the high temperatures (12 nm at 1300°C for Ag, 825°C for NaCl
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and 2 nm at 1065°C for Ag, 600°C for NaCl). This generator produces an 
aerosol where the sizes of the particles become unstable after roughly an hour 
and the user has no way of influencing its concentration.

furnace

Aerosol

Fig. 4. Nanometric generator.

Bartz et al. (1987) suggest a slightly different nanometric generator 
based on the one used by Liu and Levy (1980) to produce sulfuric acid 
aerosols {Fig. 5). They pulverize an aerosol dissolved in a liquid (NaCl in 
water for instance) in a standard Collison atomizer before drying it and sending 
it into a tube furnace to be vaporized. The vapors leaving the furnace enter a 
mixing section through a nozzle where they are accelerated and mixed with 
cold, filtered, compressed air. The produced aerosol passes into a cooling 
section where it is brought down to the ambient temperature. The cooling and 
mixing sections allow improved control of the condensation of the vapors 
leaving the furnace. The supply of filtered compressed air prevents, by dilution, 
the coagulation of the aerosol. This generator thus allows an aerosol stability 
for more than 12 hours. The final size of the nanometric aerosol depends on 
how the temperature of the furnace, the rate of dilution and the concentration 
of the atomized solution are regulated. This makes it possible to reduce even 
more the ag of the nanometric aerosol obtained.

Fig. 5. Nanometric generator of Bartz.
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3.2 Electrohydrodynamic pulverization (electrospraying)

Electrospraying, a phenomenon observed by Zeleny (1915, 1917) is based on 
the capacity of an electric field in the ambient air to disperse a liquid. Droplets 
charged by electrospraying are produced by applying a difference in potential 
of several kilovolts between a plate and the exit of a capillary tube containing 
the liquid, as we can see in Fig. 6 below. The droplets formed are electrically 
charged. Their size varies, according to different conditions, from several 
millimetres to several tenths of microns (Cloupeau, 1994).

Fig. 6. Schematic cross section of electrospraying.

Chen et al. (1995) suggest a generator (Fig. 7) for particles from 4 nm to
1.2 pm using the electrospraying of liquid conductors. This work initiated by 
Vonnegut and Neubauer (1952) has produced a fine aerosol generator (Grace 
and Mareijnissen, 1994; Loscertals and Fernandez de la Morra, 1994). The 
electrospraying phenomenon is explained in detail by Cloupeau and Prunet-Foch 
(1989, 1990, 1994). In addition, the magazine, “Journal of Aerosol Science”, 
devoted a special issue (Vol. 25, No. 6, 1994) to this phenomenon.

Finally, photochemical generators (Dubstov and Baklanov, 1996; Dubstov 
et al., 1996, 1995) produce relatively monodisperse aerosols ranging in size 
from several angstroms to a dozen nanometers. Clusters are obtained in a 
reactor by exposure to radiation from a high pressure mercury lamp before 
enlargement in vapors supersaturated with dibutyl phthalate.
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liquide to be atomised

Fig. 7. Chen’s generator (electrospraying).

4. Generation of monodisperse nanometric aerosols

None of the above mentioned generators produce a rigorously monodisperse 
aerosol. A calibrated nanometric aerosol is achieved by electrostatic clas­
sification using the electrical mobility of electrically charged aerosols placed in 
an electric field. There are two devices which make this possible, the DMA and 
the Radial DMA.

4.1 The differential mobility analyzer (DMA)

To obtain nanometric monodisperse aerosols with the generators described 
above the electrical properties of the aerosols are exploited in the differential 
mobility analyzer (Zeleny, 1915; Hewit, 1957; Knutson and Whitby, 1975; 
Knutson, 1976). This device generates particles of up to 7 nm. Size accuracy 
can be as much as 2% (Liu and Pui, 1974).

The DMA is composed of two coaxial cylinders between which a horizontal 
electric field is set up. The polydisperse aerosol, previously brought to a state 
of Boltzmann electrical equilibrium, is introduced along the internal walls of the 
external cylinder. Dried, filtered air circulates along the internal cylinder where 
an extractor valve is placed. A variable high voltage, between 0 and 12 kV, 
makes it possible to vary the electric force (F = qE) to which the particle 
penetrating into the selection area is subjected. A second force is exerted on this 
same particle due to the downward flow of the filtered air along the walls of the 
internal electrode.

The aerosol should be electrically charged beforehand and the total charge 
law. should be known if we are to have a precise idea of the quantity of atomic 
charge carried by each of the particles. The Boltzmann charge law is usually

9



applied in this device (Bricard, 1977; Liu and Pui, 1974b). The global charge 
is nil in that case, which means that we have as many particles charged 
positively as negatively. As a result, within the selection area, the neutral 
particles pass without being diverted, the negative particles are deposited on the 
internal walls of the external tube, thus only the positively charged particles are 
trapped or selected. Consequently, there is a drop in the concentration of the 
selected particles in relation to that of the injected particles. This generator 
rarely exceeds 105 c m 3.

The “short DMA” is used to reduce losses by diffusion in the DMA. It has 
been specially developed for nanometric aerosols and works on the same 
principle as the DMA, but is much shorter in length (11.11 cm instead of 44.44 
cm) (Winklmayr et al., 1991). It allows nanometric aerosols down to 3 nm to 
be generated (Hummes et al., 1996).

Fig. 8. Schematic cross section of a S.M.E.C.

4.2 The S.M.E.C. (Radial DMA)

This other device has been developed at CEA (Pourprix et al., 1990; Pourprix 
and Daval, 1990) and studied by Mesbah (1994), Zhang et al. (1995), Boulaud 
et al. (1996), Fissan et al. (1996), Lebronnec et al. (1996). The electromobility 
spectrometer (named Radial DMA) is composed of two circular plates between 
which filtered air is introduced. This device with a circular geometry functions, 
of course, according to the same principle as the DMA (cylindrical geometry). 
An electric field is set up between the plates by electrifying the lower plate 
(Fig. 8). The polydisperse aerosol, injected through a valve on the upper plate, 
is extracted with the excess air by a valve on the same plate. The monodisperse 
aerosol selected is extracted by a nozzle in the lower part of the device on the
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second plate. The geometry of this device, the distance between the plates and 
the length of the selection area all make it much easier to construct, more 
compact and less cumbersome than the DMA. In addition, there should be 
fewer losses by diffusion than with other devices of its generation.

5. Granulometry of the nanometric aerosol

After passing in the review the methods for generating and classifying 
nanometric aerosols, we will now consider the different methods and techniques 
allowing to determine the size of this aerosol. The electric, aerodynamic (or 
mechanical) or optical (after enlargement) properties of these aerosols are 
exploited for this purpose.

5.1 The DMPS/SMPS system

With the introduction of the ultrafine CNC we can now carry out a granulo­
metry in the 5 nm to 1 /im range in an acceptable time thanks to a DMPS 
system (Differential Mobility Particle Size), composed of an electro-mobility 
analyzer (DMA), a condensation nuclei counter, a microcomputer (PC) and a 
program for data inversion (Keady et al. 1983). Knutson had the idea as early 
as 1976. The development of the DMPS became possible with the arrival of the 
microprocessor and especially thanks to a program for data inversion provided 
by Fissan et al. 1983, Kousaka et al. (1985), Hopei (1978), Haaf (1980), 
Reischl (1981), Alofs and Balakumar (1982) and ten Brink et a/. (1983) who 
solved the problems posed by the charge in a bipolar environment and multiple 
charges. The reaction time was from 2 to 3 min. according to the precision 
requested. A more powerful and more rapid software in the Windows 
environment forms, with the previous system (DMA-CNC-PC), what is called 
the SMPS (Scanning Mobility Particle Sizer). The SMPS produced by the firm 
TSI gives the granulometry in 60 or 30 seconds from 5 nm (Wang and Flagan, 
1990). With the arrival of the short DMA we can hope to see, very soon, the 
detection limit of this system dropping to the 3 nm limit currently imposed by 
the CNC.

5.2 The diffusion battery

As pointed out in the introduction, nanometric aerosol is subject to Brownian 
movement. Consequently, the aerosol does not follow the lines of flow of the 
carrier fluid. In a pipe it tends to diffuse towards the walls and remains fixed 
there since the adhesion forces are very strong. Thus, there is particle loss on 
the walls and the aerosol concentration decreases as the air goes along the pipe. 
This, often undesirable effect is used in the diffusion battery to obtain infor­
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mation on the size of an aerosol particle. There are several types of diffusion 
batteries: parallel plate batteries, cylindric tube batteries, grid batteries, etc. 
However, only the wire mesh battery is commercially available since it is the 
only one for which data processing has been developed. In fact, in this type of 
granulometric measuring the practically unsolvable problem is the restitution of 
the granulometric spectra which are numerical solutions of a standard unstable 
Fredholm integral equation. Two types of measures can be made with diffusion 
batteries: the measure of the penetration or the measure of the deposit on the 
internal wall of the battery in terms of the capture abscissa. Indeed, using a 
condensation nucleus counter, the upstream and downstream concentration (and 
thus the penetration) or the concentration at a given point can be determined.

The grid battery has led to a granulometric measuring device which can 
measure particles to 2 nm (Dubstov et al., 1995, 1996; Eremenko et al., 1995). 
Only the multiple-stage wire mesh diffusion battery developed by Sinclair and 
Hoopes (1975), Sinclair et al. (1976), is produced commercially (TSI). It has 
ten stages, each one with n grid, n varies according to i, the number of stages, 
according to the relation: n =  i(i + l)/2.

The theory on which this battery is based is explained by Cheny and Yeh 
(1980). Sinclair (1986) provides an excellent review of the subject. This is the 
battery which has been studied most over the last years (Yeh, 1982; Yamada et 
al., 1988; Cheng et al., 1980; Cheng et al., 1988; Schiebel, 1984; Wang, 1993; 
Skaptsov, 1996). At the present time it is the only battery which gives the 
granulometry of the nanometric aerosol in real time when connected to an 
ultrafine CNC as shown in Fig. 9.

Air

" Portable" diffusion battery

Fig. 9. Schematic diagram of the automatic diffusion battery TSI.

However specific diffusion batteries, for example for radioactive aerosols, 
developed in laboratories can detect aerosols down to 0.5 nm (Ramarmurthi et 
al., 1993; Kerouanton et al., 1996).
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5 . 5  The hypersonic impactor

The hypersonic impactor (Fernandez de la Morra, 1990a, 1990b) is based on the 
principle of a shock wave separating the aerosol from its carrier gas. The shock 
wave is produced sequentially by sending a jet of air at atmospheric pressure 
through an orifice in a plane plate (infinite) located in a cavity where the pressure 
is only a few torrs (Fig. 10). The distance between the plate and the orifice 
determines the size of the aerosol to be separated or deposited (Fig. 11). The 
aerosol is detected thanks to an electrometer or, in the case of radon daughter 
products, by techniques for detecting radioactivity (Olawoyin et al., 1995).

Pressure P0
aerosol _

ll

4-
-dn = orifice diameter

Pressure PI 5 = distance wave front-plate
■ collector plate

Fig. 10. Shock-wave formation.

Fig. 11. Sketch of the hypersonic impactor.

For PJP\ »  1 and dn «  1, Fernandez de la Morra (1990a) showed 
that the number of critical Stokes Sa of the flow is given by the relation
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S0 = 0.1983 pp dp C02/(dn P0), where pp is the density of the particle, dp is its 
diameter and C0 is the speed of sound in the air.

The capture efficacy of the plate and the diameter of the captured particles 
depends on L/dn and P,/P \ .

6. Conclusion

As explained above, nanometric aerosols first began to interest Aerosol 
Physicists more than a century ago. However, over recent years, there has been 
steadily increasing interest, especially in the field of metrology with more and 
more teams worldwide working on this type of aerosol.

Indeed, to estimate the planet’s radiative balance, it is primordial to 
understand the effect of homogeneous nucleation on the concentration of 
ultrafine aerosols which act as condensation nuclei for the formation of clouds 
and precipitation.

For the nanostructure industry, which is developing considerably, the need 
for information on this aerosol is growing and this can only continue. The 
importance of this aerosol for the nuclear industry, in the case of an accident 
in a nuclear reactor, should also be remembered. As we have seen, there is still 
room for progress in all fields (detection, generation, granulometry, etc.)

Nanometric aerosol physics has not had its day yet — it is far from it. It is 
faced with new needs and new challenges from fields such as environmental 
protection, climate evolution, metrology, nanostructure industry, microelec­
tronics, etc.
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Abstract—There are two main sources of errors in numerical modeling of the atmosphere: 
the errors of initial conditions and that of the models themselves. The algebraic structure 
of equations is strongly related to their integrability, thus the problem of sensitivity to initial 
data cannot be handled separately from that of model formulation (i.e. of model errors). In 
a nonintegrable system the utilization of a numerical solution algorithm is a must. The 
present review paper (in two parts) deals with model errors originating from the inevitable 
discretization of the continuous equations in space and time. The effects of these errors are 
investigated in case of Hamiltonian systems in terms of phase space structure. It is pointed 
out in Part I that (1) even if the discretized ordinary differential equations were perfect the 
time integration schemes unavoidably introduce errors, (2) the time discretization errors 
have a strong influence on the time evolution of the probability distribution function in the 
phase space, thus an ensemble of numerical runs is always distorted by model errors, (3) 
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observed. In a Hamiltonian system the accuracy of a numerical solution can always be improved 
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out with the 2D vorticity equation and the two-layer quasi-geostrophic model.
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1. Introduction

The quality of numerical weather prediction is limited by two factors: the 
limited accuracy of initial conditions and the imperfection of the models. The 
main attention has in recent years been focused on the effects of uncertainties 
in the initial conditions. Lots of effort has been devoted to reduce the analysis 
errors through the development of enhanced data assimilation (Pires et al. , 1996 
and references therein) and observation techniques {Lorenz and Emmanuel, 
1997; Bishop and Toth, 1996). One might have the impression that the only 
requirement for producing better forecasts is to reduce the initial errors as much 
as possible. One should not forget, however, that even if the governing laws of 
the atmosphere were known exactly, and the numerical models based on these 
knowledge were perfect, furthermore, if the initial fields were exactly known, 
it is very unlikely that the state of the atmosphere at any future time could be 
predicted within the error limit of the initial data. This is the consequence of 
the fact that, to our present knowledge, the atmosphere is a nonintegrable 
nonlinear system, and as such it shows generic chaotic behaviour.

Since the nonhydrostatic adiabatic primitive equation and its consistent 
simplifications possess Hamiltonian structure and most of our knowledge about 
the connection between chaos and integrability is related to conservative 
Hamiltonian systems we limit our discussions to Hamiltonian systems of 
equations. Though it can be argued that the atmosphere is not conservative, 
rather a forced dissipative system, still a number of phenomena can be 
described within the conservative framework. The sceptic reader can easily 
check in standard textbooks (e.g. Holton, 1992 and Pedlosky, 1987) that almost 
all rigorous results of atmospheric dynamics were achieved with conservative 
systems of equations. Inspection of the contraction speed of the Liouville 
volume validates the non-forced non-dissipative approximation for processes 
with characteristic time much less than the characteristic time of the contraction. 
Usually it is the case when physical processes are neglected in simplified 
atmospheric models.

As a recent example, Camassa and Tin (1996) demonstrated that the 
dynamics of the dissipative 5-variable Lorenz model (L5) could be completely 
explored assuming that it was a perturbed version of the conservative one. In 
other words, the careful examination of the conservative subsystem gave the 
key to the understanding of the full forced-dissipative system. We believe that 
the L5 system is not an exception and dynamics of the more complex high 
dimensional forced-dissipative systems cannot be captured without a solid base 
of knowledge on their conservative counterparts.

The authors of the present review paper would like to point out that the 
problem of sensitivity to initial uncertainties and that of integrability are 
strongly connected, and none of them should be overlooked in favour of the 
other. We are not dealing here with model errors resulting from the incomplete
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and/or incorrect parameterizations of physical and subgrid processes. We focus 
on the difference between the numerical model and the system modeled in the 
sense of algebraic structure and integrability. Particularly, we examine the 
effect of discretizations that, in many cases, destroy the structure of the 
equations. In the followings we do not attempt to give a complete overview of 
numerical Hamiltonian problems, this can be found in excellent papers and 
books like Mackay (1992), Sanz-Serna and Calvo (1994), McLachlan and Scovel 
(1993). The main goal here was to collect and illustrate those results of this 
quickly developing discipline which may substantially deepen our understanding 
on numerous problems of atmospheric dynamics and numerical weather 
prediction.

Eulerian equations of atmospheric dynamics are partial differential equations 
(PDEs) and their numerical approximation usually involves two steps. First, a 
spatial discretization is performed which transforms the evolution equations into 
a finite set of ordinary differential equations (ODEs), then a temporal 
discretization scheme is applied to facilitate the numerical integration of the 
equations. Motivated by the contemporary results of mathematics on numerical 
PDEs and ODEs (Sanz-Serna, 1992) we follow the dynamical systems 
approach, i.e. our main focus is rather on the qualitative (global, geometric) 
than on the quantitative (local) deficiencies caused by the truncations. The first 
part of the paper deals with the errors introduced in the numerical temporal 
integration, while the second part discusses the problem of spatial truncation. 
The reason for reversing the logical order is that almost all results on the 
chaotic nature of large scale atmospheric motions are achieved by using the 
hypothesis that the spatially discretized equations perfectly simulates the real 
atmosphere. While in Part II we will demonstrate that the spatial discretization 
inevitably alters the qualitative, as well as the quantitative behaviour of 
geophysical fluid dynamical system, hereafter we will illustrate that the model 
solutions are inevitably imperfect even for a perfect system of ODEs and initial 
conditions.

At the beginning two simple examples are presented in Section 2 and then 
we introduce the bases of Hamiltonian formalism in Section 3. In Section 4 the 
effects of temporal discretizations on the algebraic structure of the discretized 
system is discussed and a short account of structure preserving schemes are 
given. We illustrate the concepts introduced in the paper with simple examples 
and, in Section 5, with results of numerical experiments that were carried out 
with a structure preserving spatial truncation of the two-dimensional vorticity 
equation and the two-layer quasi-geostrophic model. Section 6 summarizes our 
considerations.

Throughout the paper we tried to introduce every concept that is necessary 
for understanding the main points, but we did not intend to give a complete 
introduction to dynamical systems theory. For further reading and references 
see, for example, Gotz (1994, 1995).
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2. Simple examples

Pendulum. With a suitable choice of units (i.e. taking the length of the 
weightless rod as unit of length and jkg as the unit of mass), the system of 
equations describing the motion of the mathematical pendulum of unit mass 
takes the form

P = ~sinq, (1)
4 = P>

where q is the angle of the rod to the vertical and p is the angular velocity. 
Since the order of the equation can be reduced by one with the help of a first 
integral, the energy, this system is totally integrable. The possible states of the 
system on the two-dimensional (p,q) phase plane form smooth curves, each of 
which corresponds to a given energy level (Fig. 1). Starting the integration 
from an initial condition that differs from the “true state” with a small error, 
the erroneous trajectory we follow will remain close to the true curve except if 
the two trajectories are on different sides of the separatrix. In this latter case,

Fig. 1. Phase portrait of the pendulum. The solid lines are phase curves associated with 
given energy levels. Bold line indicates the separatrix.

however, if several observations of the system’s trajectory are available over 
a given period of time, a 4D data assimilation algorithm may find iteratively an 
initial condition that corresponds to a qualitatively better trajectory, i.e. one that
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follows the right direction of the pendulum. The highly unlikely case when 
either the true or the analyzed state falls on the separatrix could be handled in 
a similar way. Lorenz (1960) showed that a maximum simplification of the 
barotrop vorticity equation that is capable to simulate nonlinear barotrop 
phenomena is a vorticity triad. A vorticity triad consists of only three Fourier 
modes, with the sum of their wave vectors being equal to zero and the 
interaction of any pair of them altering the value of the third one. With a 
suitable transformation of variables and exploiting the invariance of enstrophy 
the real vorticity triad can be written in the form of Eq. (1) (see e.g. Bokhove 
and Shepherd, 1996).

Nondissipative 5-variable Lorenz model. The nondissipative five-component 
model (L5) of Lorenz (1986) was derived from a spectral shallow water model 
through extreme truncations. After further reduction with the use of an invariant 
quantity the equations can be written in the form (Bokhove and Shepherd, 1996)

As it was first observed in Camassa (1995), this is a nonlinearly coupled system 
of two integrable subsystems, a nonlinear pendulum and a linear harmonic 
oscillator: if b = 0 the last two equations give the linear differential equation 
of the harmonic oscillator q2 = -q 2, while the first pair of equations reduces to

qx = -e2C sin2 qx, which corresponds to the mathematical pendulum (Eq. (1))
2e2C .

with the length of the rod and g Kg taken as the units of length and mass,

respectively, and with qx measuring the half angle of the rod to the vertical. As 
it was mentioned previously, the pendulum is equivalent with a vorticity triad, 
while the solutions of the harmonic oscillator model gravity wave oscillations. 
The ratio of the frequencies of motions in the subsystems can be controlled with 
the parameter e . At the limit e -»0 a formal separation of timescales is present, 
and one can speak of p x and qx as slow and of p2 and q2 as fast variables. 
Accordingly, when b ^  0 and e is small Eq. (2) describes the nonlinear 
interactions of slow vortical and fast gravity wave-like motions. The system of 
Eq. (2) has the appealing feature of being the lowest order truncation of the 
atmospheric primitive equations. Lynch (1996) pointed out that structurally 
similar equations govern the motion of the elastic pendulum. Though the 
coupling terms between the pendulum and the linear oscillator are somewhat
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different in the two systems the basic conclusions of the important papers 
Camassa (1995), Camassa and Tin (1996) and Bokhove and Shepherd (1996) 
do not depend on this detail. The reader, therefore, can always visualize the L5 
model as an elastic pendulum in order to gain a better heuristic understanding 
of the underlying physics.

Bokhove and Shepherd (1996) demonstrated, that as the nonlinear coupling 
term b increases, huge portions of the phase space sections become chaotic. The 
system does not follow smooth trajectories when started from initial condition, 
albeit correct, in these chaotic regimes. The key process here is the increasing 
chaotic exchange of energy between the two subsystems: at a given instant the 
observer-forecaster may erroneously conclude that the pendulum will have 
enough energy to complete a rotation, simply because the linear oscillator 
charges more energy from the other subsystem than that was predicted. Once 
the inevitable uncertainty in the prediction of the energy exchange is larger than 
the error in the initial estimate of the energy, model errors start to dominate 
over the effects of initial uncertainties.

Remarkable theoretical results have been achieved using the geometric 
approach of dynamical systems theory. With these results (Camassa, 1995; 
Camassa and Tin, 1996) the vigorously debated existence/nonexistence of an 
integrable slowest manifold (.Lorenz, 1980, 1986; Leith, 1980; Errico, 1984; 
Lorenz and Krishnamurthy, 1987) in the L5 has been proved in a local/global 
sense. While Camassa (1995), Camassa and Tin (1996) utilized the fact that the 
L5 model is a nonlinearly coupled system of two simple subsystems with 
well-known phase space geometry, Bokhove and Shepherd (1996) showed that 
if the formal separation of timescales is valid the model can be regarded as a 
slightly perturbed integrable Hamiltonian system, and the theorems of 
Hamiltonian perturbation theory apply. Thus, if the energy of the gravitational 
modes is sufficiently small at the beginning of the integration, it remains 
bounded, and the nonlinear system preserves (although slightly modified) its 
“nice” trajectories in most of the phase space. It suggests that if one can keep 
the energy of the linear oscillator at an infinitesimally small level at the 
beginning of model integration the qualitative dynamics of the pendulum 
remains intact, the initial and the integration errors have no catastrophic effects 
on the prediction. The practical realization of this idea is the normal mode 
initialization {Lynch, 1996).

The above example shows that chaos and nonintegrability occur even in 
very simple models. Indeed, this is generic in nonlinear dynamics. The 
classification of nonlinear systems as integrable or nonintegrable, however, is 
a problem that has no general solution yet. Some nonlinear PDEs encountered 
frequently in mathematical physics exhibit perplexing integrable behaviour. One 
illustrative example is the Korteweg-de Vries (KdV) equation. In an early 
experiment (in 1955) Fermi, Ulam and Pasta (FUP) were investigating the 
behaviour of a nonlinearly coupled chain of harmonic oscillators. They were
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expecting sharing of energy between the modes (a kind of statistical equipar- 
titioning of energy), but it turned out that the energy was cycling periodically 
among the modes initially generated. This astonishing integrable behaviour was 
explained later when the KdV equation, which is the continuum limit of the 
chain of oscillators used in the FUP experiment, was proved to have Hamil­
tonian structure and to be integrable. Its now famous, stable, nonlinear solutions 
are the so called solitons. It is interesting to mention that soliton like solutions 
are subjects to a non-linear superposition principle deeply related to the 
integrability property. For more about integrability in nonlinear dynamics see 
Tabor (1989), or other standard texts on dynamical system theory (p.g. Ott, 
1994; Arnold, 1989).

The primitive equations are nonintegrable, at least, no one proved the 
contrary so far. From this point of view the goal of numerical modeling is to 
find approximate integrable models, so that in spite of the inevitable initial 
errors the state of the flow could be estimated over a given period of time. This 
is not impossible as it has been demonstrated over the history of numerical 
modeling and is manifested in the indisputable improvement in the skill of 
numerical weather prediction models.

3. Hamiltonian formulation

In the following subsections we briefly introduce the concept of Hamiltonian 
structure for both finite dimensional and continuous systems. The finite 
dimensional Hamiltonian formulation with the so called canonical variables 
(generalized coordinates, generalized momenta) has been widely used in 
classical mechanics. The pursue for canonical representation, however, 
restricted attention to even-dimensional systems. In the next subsections we 
present the more general description of finite dimensional Hamiltonian systems 
that led to the extension of Hamiltonian mechanics to odd-dimensional and also 
to infinite dimensional problems. A good introduction to the Hamiltonian 
methods can be found e.g. in Olver (1989) and in Shepherd (1990).

3.1 Finite dimensional Hamiltonian systems

Let \(t) = (xl (t),...,xn(t))T denote the vector of the state variables of an 
«-dimensional system. This system is called Hamiltonian if the differential 
equation describing its evolution in the phase space takes the form

—  =D(x)Vtf(x), (3)
dt
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where the entries of the structure matrix D satisfy the equalities

(i) skew-symmetry

Dyix) = i,j  = 1 ( 4 )

(ii) Jacobi identity

and H. the so called Hamiltonian function, is a real valued function, usually the 
total energy of the system.

For the familiarization with the Hamiltonian notation, it might be instructive 
to see the examples of Section 1 cast in the above form.

Nonlinear pendulum. If the vector of state variables is x = (p,q)T, and the
„2

Hamiltonian is defined as H  = IL. -cos<7, which is the total (kinetic plus 
potential) energy of the pendulum, while the skew-symmetric structure matrix

is , Eq. (3) readily gives Eq. (1). The structure matrix being a constant0 -1 
[i 0

trivially obeys condition (5).
L5 model. To see the equivalence of Eq. (2) and Eq. (3), letx = (p {,p2,q {,q2)T,

define the Hamiltonian as H

use the structure matrix
0
/

-I
0 ’

where I  =
1 0 
0 1

Note that both of the above models are examples for canonical Hamiltonian

systems, in which D  =
0 -/ 
1 0

with /  being the n x n  identity matrix, and n is the

number of degrees of freedom in the system. The q-s are called generalized 
coordinates and the p-s are the generalized momenta. The definition Eq. (3), 
however, is not restricted to this special type of structure matrices, not even to 
even-dimensional cases.

The reason why canonical Hamiltonian systems have got particular attention 
is that according to Darboux’ theorem (see e.g. in Olver, 1989) for any finite 
dimensional Hamiltonian system defined on an m dimensional manifold there 
exist local coordinates (p1, . . . ,p n,q l,...,qn,z1, . . . , z f  m=2n + l in which the
structure matrix has the form
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(6)

where /  is the n Xn identity matrix. The coordinates zv -..,z, are the so called 
distinguished coordinates, that are constants along the Hamiltonian flow and any 
quantity which is function of the distinguished coordinates alone is an invariant 
of the system. These are the so called distinguished functions or Casimir 
invariants.

3.2 Infinite dimensional Hamiltonian systems

The counterpart of Eq. (3) for infinite dimensional evolution equations is

where the prognostic variable u(x(t),t) is a vector valued function of space and 
time, whose partial derivative with respect to time is taken, and the Hamiltonian 
JJ (u) is a functional (real valued function of a function) whose functional 
derivative plays the role of the gradient in Eq. (3). The skew-symmetric 
structure matrix of Eq. (3) is replaced by a skew-adjoint differential operator 
2  (u) that must satisfy the continuous equivalent of the Jacobi identity (5) as 
well.

Let the two-dimensional vorticity equation stand here as an example. Take 
the two-dimensional vorticity f(x,f) as the prognostic variable, the two-dimen-

sional Jacobian 3(f,.) (with a negative sign) as 2  and _r/(ilO = — f  Vi\i2dx 
2 Jn

as the Hamiltonian, where i)j (x,r) = A *£ (x,t) is the stream function. Upon 
substitution to Eq. (7) one obtains the familiar governing equation for an 
inviscid, nondivergent fluid flow over the model domain H

dt
( 8)

For the Hamiltonian formulation of the shallow water equation, the 
baroclinic quasi-geostrophic flow over topography and that of the nonhydrostatic 
primitive equation see Shepherd (1990) and references therein.
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4. Temporal discretization

The problem of integration in time is that in case of most integration schemes 
a number of important geometric properties of the flow defined by the spatially 
discretized system are lost under the transformation of timestepping. Such 
property can be, for example, energy conservation, volume preservation 
('Quispel, 1995), reversibility (McLachlan et al., 1996) or, in case of Hamil­
tonian systems, preservation of area or symplectic structure (Yoshida, 1990). 
Lots of activity has been focused on devising temporal integration schemes 
(integrators) that preserve certain geometric properties of the flow, and it 
seems, that essentially, any properties of the ODE can be retained with an 
appropriate integrator. But no integration scheme can preserve “everything”. 
As we outline below conservation of the finite dimensional Hamiltonian 
structure (i.e. symplectic structure) and exact conservation of energy are 
conflicting requirements of a nonintegrable system.

4.1 Preservation o f structure

As it was mentioned in the previous section, some equations of fluid dynamics 
have structure preserving spatial truncation, that is the discretization in space 
of the continuous Hamiltonian system results in a finite dimensional Hamil­
tonian system of ordinary differential equations. In this subsection we briefly 
describe what symplectic structure means, and introduce integration schemes 
that preserve this property, the so called symplectic integrators.

For one-degree-of-freedom systems symplectic structure is just a different 
expression for the preservation of oriented phase plane area. Since the phase 
space is two-dimensional in this case, it is equivalent with phase space volume 
preservation which follows from Liouville’s theorem. For n-degree-of-freedom 
(that is 2n-dimensional) systems the symplectic map is a generalization of area 
preservation stricter than volume preservation. In fact, if the model domain is 
simple enough, it is equivalent with the system being Hamiltonian. It requires 
that the sum of certain phase space areas should be conserved along the flow. 
More specifically, if an /rc-(not necessarily even-)dimensional system is given 
with the canonical coordinates (pv ...,pn, qv ...,q n, zv -.-,qj), m = 2n + /, with 
the zps being distinguished coordinates, the condition of symplectic area-pre­
servation reads

where T is a closed curve surrounding a tube of phase space trajectories and

n n
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evolving with the flow. That is here the sum of the projections of the area 
encircled by T on the (p{,q ,) phase planes is conserved.

In order to preserve the Hamiltonian structure the integration scheme should 
be a discrete mapping of the phase space that also preserves the area in the 
above sense. Such mappings are called canonical or symplectic transformations. 
One of the simplest examples for symplectic integrator is the midpoint rule

where F is the right-hand side of the ODE and the superscript n denotes the 
approximated value of the prognostic variable x at the n-th time step with h 
being the length of a time step. Using the notation of Section 2, for a 
Hamiltonian system, F is the right-hand side of Eq. (3), i.e. F = D V E. A 
number of Runge-Kutta methods are also symplectic, provided that their 
coefficients satisfy certain conditions. A detailed account of symplectic 
numerical methods can be found in Sanz-Serna and Calvo (1994). The 
interested reader can find further surveys of the progress made in the field of 
symplectic integrators e.g. in Yoshida (1993) or in McLachlan and Scovel 
(1993).

The difference between “normal” and symplectic methods is demonstrated 
on Fig. 2. The pendulum equation (Eq. (1)) was integrated with the explicit 
Euler method (Fig. 2a, d), with the implicit Euler scheme (Fig. 2b, e) and with 
the midpoint rule (Fig. 2c, f). The points of a circle of radius 0.3, centered at 
/7 = 1, q = 0 in the (p,q) phase plane were chosen as initial conditions.

h = was used as time step. On Fig. 2a-c the computed points are plotted

after every third time steps up to the 27th step, while on the panels Fig. 2d-f 
the trajectories of the point /7 = 1, q = 0.3 are followed, plotting the points after 
each time step up to the 60th. Although the closed curve (initially a circle) 
should keep its area along the phase space flow generated by Eq. (1), the Euler 
methods fail to preserve this property. In addition they turn the fix point 
(/>,<7) = (0,0) into stable and unstable spiral points (see Fig. 2e, Fig. 2d, 
respectively) unknown in Hamiltonian systems. Note that the circle of initial 
points can be regarded as an ensemble describing the uncertainty in the position 
of the initial point. It is clear, that as the ensemble is propagated along the flow 
it is not only reflecting the varying nature of the probability density function of 
the initial uncertainty, but is highly influenced by model errors, as well. The 
main problem with these errors that they are systematic and thus cannot be 
simulated as a result of random processes. This fact suggests that handling of 
model errors in an ensemble prediction system is a highly nontrivial problem.
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Fig. 2. The pendulum equation integrated by the explicit (a, d), implicit (b, e) Euler methods and with the midpoint rule (c, f). See also text in Section 4.1.



Since the invariants of motion constrain the flow into a smaller dimensional 
subspace of the phase space, it is assumed that the more invariants an integrator 
can preserve the better it is. Numerous schemes have been invented that 
conserve one or more invariants, e.g. energy, potential enstrophy, etc. These 
schemes, however, usually destroy the Hamiltonian structure of the flow. The 
question naturally arises, whether symplectic integrators can preserve the energy 
and/or other invariants. According to the theorem of Ge and Marsden (1988) 
a symplectic method cannot conserve energy exactly for a general nonintegrable 
Hamiltonian system. Even for an integrable system the preservation of the 
Hamiltonian is possible only if the time map of the scheme is identical with that 
of the true flow. Since, in general, the preservation of energy excludes the 
preservation of structure, and vice versa, a necessary compromise should be 
reached in case of every concrete problem at hand. In case of nonlinear wave 
equation (see McLachlan, 1994), for instance: Either one applies a symplectic 
scheme that conserves the structure (i.e. the shape) of the travelling waves, but 
then its speed will be in error, or one insists on the conservation of energy and 
uses an energy conserving scheme that models the speed of the wave correctly, 
but gives erroneous wave shape. Conservation of energy reduces the dimen­
sionality of the problem only by one. It seems plausible, that the symplectic- 
ness, which distinguishes the class of Hamiltonian systems within that more 
general class of energy conserving ones, is a somewhat more distinctive 
characteristic of the Hamiltonian flows.

The fact that energy conservation and symplecticness are conflicting 
requirements of a scheme does not imply that the symplectic methods are 
completely wrong in terms of energy errors. In fact, it can be proved, that for 
any symplectic integrator applied to an autonomous Hamiltonian problem, a 
modified autonomous Hamiltonian system can be found so that the numerically 
computed points are either exactly or “very nearly ” on the trajectories o f this 
modified system (see e.g. Sanz-Serna and Calvo, 1994, 133 p.). Since the 
structure of a symplectic integrator is perfect within a negligible roundoff error 
this modification means a perturbation of the Hamiltonian, i.e. the model errors 
are encapsulated into the energy error. This perturbation leads to an initial jump 
in the energy of the model, but the energy error cannot grow without limit over 
any number of time steps. Indeed, the energy error can be reduced to the 
roundoff level increasing the order of the integrator and decreasing the time 
step. On the other hand the initial jump in the energy is an obvious model bias, 
the forecast will always be burdened with errors, even if we know the true 
governing equations and the initial conditions. The initial jump of the energy 
is a well known phenomenon in NWP and is generally described as a result of 
the equilibration process between forcing and dissipative terms. While the 
contribution of these terms is obvious one should keep in mind that the above

4.2 Conservation of energy
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adjustment process is a must even if the source and the sink terms are all 
switched off.

Consider again the simple example of the pendulum. Fig. 3 shows the 
“true” trajectory of the pendulum emanating from the initial point p = 1.41615, 
q = 0.0 (solid line) and points (small diamonds) that were computed with a
symplectic Runge-Kutta scheme (p n + 1 =pn -  h sing” + 1, qn+l = q n+hpn). It 
can be shown (Sanz-Serna and Calvo, 1994) that the scheme preserves to the

second order the modified Hamiltonian H* = - cosq  + !^p  sing. Since the
trajectory corresponding to the approximately conserved modified Hamiltonian 
is also a closed curve the energy error cannot grow without limit. The facts that 
the energy errors remain bounded even over extremely long integrations and 
that it can be further reduced to arbitrarily small amount using higher order 
schemes and shorter time steps, are great benefits of symplectic integrators. On 
the other hand, the perfect conservation of structure and a good preservation of 
energy cannot guarantee any error bound for the individual variables of a 
nonintegrable chaotic system.

Fig. 3. The true trajectory (solid line) of the pendulum from initial point p  = 1.41615, q = 0.0 
and points (diamonds) com puted with a symplectic Runge-Kutta method from the same

initial condition.
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5. Numerical experiments

In this section some numerical results will be presented to illustrate the above 
discussed features of symplectic integrators. In the experiments summarized 
below the structure preserving spatial truncation of the two-dimensional 
vorticity equation (hereafter 2DV) (Zeitlin, 1991) and that of the two-layer 
quasi-geostrophic equations (denoted by L2 QG) (.McLachlan et al. , 1997) were 
used. A comparative study of the structure preserving truncation and a 
traditional spatial discretization applied to these equations will be detailed in the 
second part of this paper. For the time integration a slightly modified version 
of McLachlan’s explicit symplectic integrator was used. The integration scheme 
and its modification is briefly described in the Appendix. A detailed description 
can be found in McLachlan (1993) or in McLachlan et al. (1997).

In the description of the experiments we refer to the resolution with TM, 
where M is a positive integer, and it implies that a cutoff wavenumber of M  is 
used, that is, spectral modes associated with wave vectors k = (kl ,k2), |A:1|, |k2| <M  
are considered in the truncated system.

Since the spatially truncated system possesses a Hamiltonian structure and 
the time integration scheme is symplectic, the preservation of structure is 
guaranteed in the integration. As a consequence, the Casimir invariants related 
to the structure matrix (e.g. the enstrophy) can be shown to be conserved within 
the error limit of number representation. On the other hand, if the system is 
nonintegrable, the conservation of the Hamiltonian (i.e. the energy) and of those 
invariants that are associated with its symmetries are inevitably burdened with 
errors. Thus a straightforward method to test the skill of a symplectic scheme 
is to examine the behavior of the energy error.

The relative energy error, (H(t) - H (t = 0))/H (t = 0), was calculated for 
model runs started from randomly generated initial conditions at different 
resolutions. The integrations were carried out for 106 time steps at T1 and T2, 
and for 105 time steps at T13. In the first series of experiments first order 
integration scheme was used and the time step was uniformly set to 1.0. Taking
the reciprocal of the average (potential) vorticity 1/f sec as time unit, the unit 
time step corresponds to f  nondirpensional time unit. A similar time unit for
the atmosphere is 105 sec, thus f  x 105 sec is a fair estimate of the time steps 
used in the different size systems. In the numerical experiments the initial 
vorticity field for the 2DV model were generated randomly with averages 
0.09796 1/sec, 0.06091 1/sec and 0.00801 1/sec at Tl, T2 and T13, respective­
ly. With these values the unit time step corresponds to an atmospheric equivalent 
time step of about 160 min, 102 min and 13 min at the given resolutions. The 
average potential vorticity in the initial conditions generated for the L2 QG 
model was of the magnitude 10“2 1/sec at all three resolutions, thus the unit time 
step in these cases agrees to an atmospheric equivalent of about 15 min.
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In the 2DV runs the maximum energy error was in the magnitude of 10“1 
at T l, 10 2 at T2, and 10_1 at T13. These significant errors are due to the fact 
that the time step is too large for randomly generated fields. Reduction of the 
time step to its hundredth resulted in relative errors two magnitudes smaller. 
Another way of reducing the energy errors is to apply a higher order integration 
scheme. Thus in the next row of experiments the second order version of 
McLachlan’s time integrator was applied. The relative energy errors obtained 
with 1.0 length time steps are plotted on Fig. 4 at T l, T2 and T13. The 
magnitude of the relative errors are of 10“2 at T l, 10~4 at T2 and 10-4 at T13. 
Reduction of the time steps to 0.01 results in further decrease in the errors, the 
magnitude of maximum relative energy errors being 10-7 at T l, 10'8 at T2 and 
lO“7 at T13.

The relative energy errors in the L2 QG runs with the first order scheme 
and 1.0 time steps were 10 3 at T l, T2 and also at T13. Using hundred times 
smaller time steps gave 0(1O~5) relative energy errors. Second order integration 
in time gave relative errors in the magnitude of 10"6 and 10“5 at Tl and T2, and 
of 10"4 at T13 when the time step was set to 1.0, and of 10-8, 10“9 and 10~8 at 
T l, T2 and T13, respectively, when the time steps were 0.01.

Using the second order scheme implied only doubling of the number of 
operations and was as effective as reducing the time step which required 
significantly more CPU time to perform the integration over the same period 
of time (hundred times more time steps had to be performed). The advantage 
of using higher and higher order schemes, however, is not a general rule since 
further increase of order leads to a quadratic drop in the computational 
efficiency, while the same factor for reducing the time step is only linear.

An important feature of the relative energy errors plotted on the panels of 
Fig. 4 is that in all three cases the relative error of energy oscillates around a 
nonzero value, but remains bounded. This is also true for the relative energy 
errors in the L2 QG model (not shown). This is the manifestation of the fact 
that the symplectic scheme conserves the energy of an approximating or 
perturbed Hamiltonian system. The perturbed Hamiltonian of a higher order 
scheme is closer to the “true” energy level than that of a lower order scheme. 
This is demonstrated on Fig. 5a-b, where the relative error of energy for the 
2DV model is plotted at T2, calculated with first (Fig. 5a) and second order 
(Fig. 5b) schemes from the same random initial conditions. Note that the 
average relative perturbation of the Hamiltonian (the value around which the 
errors oscillate) are of opposite sign on these plots.

Fig. 5c-d show a similar pair of energy error curves. These plots were 
obtained with the 2DV model at T13 resolution, with first and second order 
scheme. The initial conditions were the discrete approximation of a rotating 
cone placed in the vorticity field. That is the initial field in this experiment was 
a discrete Fourier transform of a rotating cone of radius p defined in the 
physical space as
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Fig. 4. Relative energy errors at T1 (a), T2 (b) and T13 (c) obtained by integrating the 
2DV model with second order symplectic scheme and time step 1.0.
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Fig. 5. Panels a, b show the relative energy errors obtained by integrating the 2DV model at T2 with the first (a) and second (b) order scheme 
started from random initial conditions. Panels c, d  present the relative energy at T13 with first (c) and second (d) order scheme when the initial 

condition corresponds to the spectral transform of a cone placed in the vorticity field.



(11)

where |r |  = ((rl -  r01)2 + (r2 - r02)2) 2 and r0 = (r0l,r02) is the place of the 
rotation axis of the cone. (Here r denotes vector of place in the physical 
domain.) This is a stationary solution of the continuous equation, thus a proper 
test also for the accuracy of the models (see Part II of this paper). In the 
numerical experiment r01 =3, rQ2 = 7 and p = 3 were chosen and unit time 
steps were used. The relative error of energy is plotted at every 2,000th time 
steps up to the 100,000th time step on Fig. 5c-d. An interesting feature of 
numerical models can be observed on the relative energy error plots of the first 
order run. There are some “jumps” in the relative energy error at the beginning 
of the integration interval before a steady oscillation begins. Presumably, 
because the system “needs some time” to find that energy shell of the ap­
proximating Hamiltonian system, on which it remains afterwards (McLachlan, 
1996). Evidently, the use of a higher order scheme resulted in the improvement 
of the energy conservation with orders of magnitude, and at the same time the 
initial “jumps” almost vanished indicating that the approximating Hamiltonian 
is much “closer” to that of the truncated system. 6

1

6. Summary

The “perfect model” hypothesis is a widely used presumption in atmospheric 
dynamics and in numerical weather prediction that makes possible to deal with 
the problem of initialization with the tools of dynamical systems theory. On 
longer terms, however, model errors tend to dominate. Their sources and 
effects are more complex than that of the errors in the initial conditions since 
they include e.g. the parameterizations of physical and subgrid processes. There 
are no general methods to approach these heterogeneous sources of errors.'The 
present review article (along with an accompanying paper) focuses on the 
systematic errors caused only by the temporal and spatial discretizations. We 
examined the effect of truncations on the algebraic — Hamiltonian — structure 
of conservative continuous equations. This restriction of attention to conser­
vative systems is justified by the facts that Hamiltonian formalism has been 
payed more and more attention recently and a number of exciting theoretical 
results have been obtained in this framework (see Section 1 and 2). We gave 
a brief introduction to the Hamiltonian formalism in Section 3.

Given a spatially discretized system of equations with Hamiltonian structure, 
the temporal integration plays a crucial role in determining the phase space
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behaviour of the flow. The timestepping algorithm inevitably alter the structure 
and/or the energy level of the flow. In Section 4 the reader can get acquainted 
with the concept of symplecticness, a characteristic feature of finite dimensional 
Hamiltonian flows, and with symplectic time integrators that preserve this 
property. The conservation properties of these schemes are briefly reviewed. 
The numerical results presented in Section 5 confirm the theory that the energy 
conservation of symplectic integrators is remarkable, even though it is 
impossible to conserve the exact energy of a nonintegrable system. Despite of 
the attractive results in terms of energy conservation, we abstain ourselves from 
drawing final conclusions about the applicability of these schemes until the end 
of the second part of this paper.

Acknowledgements—This work was partly supported by a grant from State Scientific Research Fund 
(OTKA F 019268). Encouraged by the informal discussions great progress was achieved during the 
authors’ stay at the Isaac Newton Institute for Mathematical Sciences, Cambridge, England, within 
the program “Mathematics of the Atmosphere and Ocean Dynamics” in the summer and autumn of 
1996. The critical comments of the anonymous referees on the previous version of the manuscript are 
greatly appreciated.

References

Arnold, V.I., 1989: Mathematical Methods in Classical Mechanics. Springer-Verlag, New York, 508 
PP

Bishop, C.H. and Toth, Z., 1996: Using ensembles to identify observations likely to improve 
forecasts. Contributions to the 11th AM S Conference on Numerical Weather Prediction, Aug. 
19-23, Norfolk, Virginia, 72-74.

Bokhove, O. and Shepherd, T., 1996: On Hamiltonian balanced dynamics and the slowest invariant 
manifold J. Atmos. Sci. 53, 276-297.

Camassa, R., 1995: On the geometry of the atmospheric slow manifold. Physica D 84, 357-397. 
Camassa, R. and Tin, S., 1996: The global geometry of the slow manifold in the Lorenz-Krishna- 

murthy model. J. Atmos. Sci. 53, 3251-3264.
Errico, R.M., 1984: The statistical equilibrium solution of a primitive-equation model. Tellus 36A, 

42-51.
Ge, Z. and Marsáén, J.E., 1988: Lie-Poisson Hamilton-Jacobi theory and Lie-Poisson integrators. 

Phys. Lett. A 133, 134-139.
Götz, G., 1994: Application of nonlinear dynamics in atmospheric sciences. Időjárás 98, 65-86. 
Götz, G., 1995: Predictability of nonlinear dynamical systems. Időjárás 99, 1-32.
Holton, J.R., 1992: An Introduction to Dynamic Meteorology. 3rd edition. Academic Press, San 

Diego, 507 pp.
Leith, C.E., 1980: Nonlinear normal mode initialization and quasi-geostrophic theory. J. Atmos. Sci. 

37, 958-968.
Lorenz, E.N., 1960: Maximum simplification of dynamic equations. Quart. J. Roy. Meteorok Soc. 

12, 243-254.
Lorenz, E.N., 1980: Attractor sets and quasi-geostrophic equilibrium. J. Atmos. Sci. 37, 1685-1699. 
Lorenz, E.N., 1986: On the existence of a slow manifold. J. Atmos. Sci. 43, 1547-1557.
Lorenz, E.N. and Emmanuel, K .A ., 1997: Optimal sites for supplementary weather observations: 

Simulation with a small model. Submitted to J. Atmos. Sci.
Lorenz, E.N. and Krishnamurthy, V ., 1987: On the nonexistence of a slow-manifold. J. Atm. Sci. 44, 

2940-2950.

38



Lynch, P ., 1996: The Elastic Pendulum: A Simple Mechanical Model o f Atmospheric Balance. The 
Irish Meteorological Service Technical Note, No. 54. The Irish Meteorological Service.

Mackay, R.S., 1992: Some aspects of the dynamics and numerics of Hamiltonian systems. In The 
Dynamics o f Numerics and the Numerics o f Dynamics (eds.: D.S. Broomhead and A. Iserles). 
Clarendon Press, Oxford, pp. 137-194.

McLachlan, R., 1993: Explicit Lie-Poisson integration and the Euler equations. Phys. Rev. Lett. 71, 
3043-3046.

McLachlan, R., 1994: Symplectic integration of Hamiltonian wave equations. Numer. Math. 66, 
465-492.

McLachlan, R.I. and Scovel, C., 1993: A survey of open problems in symplectic integration. Proc. 
Conf. Integration Algorithms in Classical Mechanics (ed.: G. Patrick). Under review.

McLachlan, R.I., Szunyogh, 1. and Zeitlin, V., 1997: Hamiltonian finite-dimensional models of 
baroclinic instability. Phys. Lett. 229A, 299-305.

McLachlan, R .I., Quispel, G.R.W. and Turner, G.S., 1996: Numerical integrators that preserve 
symmetries and reversing symmetries. Under review.

Olver, P .J., 1989: Applications of Lie Groups to Differential Equations. Springer-Verlag, New York, 
513 pp.

Ott, E ., 1994: Chaos in Nonlinear Dynamical Systems. Cambridge University Press, Cambridge, 
385 pp.

Pedlosky, J., 1987: Geophysical Fluid Dynamics. Second edition. Springer-Verlag, New York, 
710 pp.

Pires, C., Vautard, R. and Talagrand, O., 1996: On extending the limits of variational assimilation 
in nonlinear chaotic systems. Tellus 48A, 96-121.

Quispel, G.R.W ., 1995: Volume-preserving integrators. Phys. Lett. A 206, 26-30.
Sanz-Serna, J.M ., 1992: Numerical ordinary differential equations ro. Dynamical systems. In The 

Dynamics o f Numerics and the Numerics o f Dynamics (eds.: D.S. Broomhead and A. Iserles). 
Clarendon Press, Oxford, pp. 81-106.

Sanz-Serna, J.M. and Calvo, M.P., 1994: Numerical Hamiltonian Problems. Chapman & Hall, 
London, 207 pp.

Shepherd, T.G., 1990: Symmetries, conservation laws, and Hamiltonian structure in geophysical fluid 
dynamics. Adv. Geophys. 32, 287-337.

Tabor, M., 1989: Chaos and Integrability in Nonlinear Dynamics. John Wiley & Sons, New York, 
364 pp.

Yoshida, H., 1990: Construction of higher order symplectic integrators. Phys. Lett. A 150, 262-268.
Yoshida, H., 1993: Recent progress in the theory and application of symplectic integrators. Cel. 

Mech. Dyn. Astr. 56, 27-43.
Zeitlin, V., 1991: Finite-mode analogs of 2D ideal hydrodynamics: Coadjoint orbits and local 

canonical structure. Physica D 49, 353-362.

39



A p p e n d ix

1. McLachlan’s algorithm for the integration of the 2D vorticity equation

The algorithm, whose detailed description can be found in McLachlan (1993), is a 
realization of the so called composition method, in which the vector field defined by 
the right-hand side of Eq. (3) is decomposed into vector fields, that are (more) easily 
integrated by suitable explicit methods.

Hereafter the vector of prognostical variables will be denoted with whose com­
ponents fj are the spectral coefficients of vorticity associated with the wave vector i. 
The index vectors are from the finite lattice {i| |/j | , \i2 \ < Ai}, where M is the cutoff 
wavenumber. N denotes 2 M  + 1. The algorithm described in McLachlan (1993) is 
applicable when N is prime.

The algorithm is based on the splitting of the Hamiltonian H = '^H k, where
, N~l r r k

Hk = -  ^ , with k G K = {(0,1)} U{(l,m)| 0 <m <N} and the indices are
2 « = o \nk\

taken modulo N.
McLachlan’s observation is that this splitting of the Hamiltonian reduces the 

problem of integrating the truncated spectral vorticity equation to the solution of a set 
of linear differential equations with constant coefficients, each corresponding to a 
vector field DV//k, with k GK. Let denote exp(dt DV//k) the resolvent of these
linear differential equations. A first order approximation in the time step dt of the 
solution of Eq. (3), i.e. that of the equation
f = DVH = DVf/k is C(t) = exp (dt ■ D V//k) £ (t = 0) (see e.g. McLachlan,
1993). While

where k, G K , gives a second order (in dt) approximation to the solution of Eq. (3) 
(McLachlan, 1996).

The vector field DViTk defines an explicitly integrable system of equations 
because each component of the prognostic variable vector can be written as $\+mk, 
where -M <m <M  and j is an appropriate transition vector of the indices. Using 
the notation zm = ^ +mk the evolution of the vector z can be given with the set of
linear differential equations of zm = _M anzm _n, the discrete Fourier transform of 
which gives an explicitly integrable system dzldt = A f, where z = Fz, A = diag(Fa) ,F 
being the matrix of the discrete Fourier transformation.
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Thus the algorithm for integrating the 2D vorticity equation consists of the 
following steps:

(i) for k EK  do,
(ii) for j = lst,...,AZth translation of k do,
(iii) with zm = +mk set z = F~leA 'dtFz, where A = diag(Fa) ,
(iv) set f_(j+mk) = Zm* ,
(v) end do,
(vi) end do.

2. Modifications to McLachlan’s algorithm

In order to be able to carry out effective numerical integrations with the use of 
available FFT routines, we extended the algorithm to certain non-prime Ns. Our 
modifications were based on the following observations:

(i) If N is prime, the only common element in the sets c;k = {nk mod N | 0 <n <N} 
with k E  K is the 0 = (0,0) index and U k  e K ,7k c o v e r s  the entire lattice.

(ii) If N is non-prime, then the uk-s have more common elements — conse­
quently they do not cover the entire lattice —, because the equation 
s = nr modN can have more than one solution for a given gridpoint (s, r).

(iii) If N = p l, with p prime, the ok-s cover the entire lattice if k GK;, where 
K' = K (J {(n,l) 11 <n <N and [n,fV] >1} ([.,.] denotes the largest 
common factor).

It follows from the above statements that McLachlan’s algorithm can be applied 
in N =pl cases as well, only the splitting of the Hamiltonian must be modified in the

following way: H = Vs , Hk , where //k(m) = , where x(m) gives the number
x(,n)

of ok sets that include the index m.
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dimensional interpolation for scattered data are given. The new method of interpolation from 
regular rectangular grid founded on the quadratic B-splines is suggested. The results of 
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1. Formulation of the problem

One of the actual problems in applied mathematics which is important in 
geophysics is the construction of isoline maps. From mathematical point of view 
the problem is reduced to interpolation of functions /(x,y) whose values f  are 
known in given scattered points P, (i =

The interpolant S from some given set W is usually required to be smooth, 
converging to /  if the distance among grid points is decreasing to zero. 
Moreover the physical reasons involve that S should possess “locality”, i.e. its 
value S(x,y) in every point (x,y) should depend on a few number of values/ in 
some neighboring grid points only.

The interpolation may be exact if

S(P) =/,(/ = l-JV ), (1)
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or with smoothing if condition (1) does not hold. The latter case usually occurs 
when the values /  are the results of measurements which were done with some 
remarkable errors.

The well-known way to construct isoline maps is to interpolate given values to 
the grid points of regular rectangular grid first and then to interpolate in an 
arbitrary point (x,y) by means of one simple method of interpolation, by bicubic 
splines for example. This is a possibility to achieve a calculative efficacy.

In this paper we consider some methods of two-dimensional interpolation 
from scattered points in the (x,y)-plane and one new method of interpolation 
from a regular rectangular grid to an arbitrary point (x,y).

2. Optimal interpolation

In this method the values f t(i = 1,... ,N) are considered as the realization of 
some stochastic process/. Let stochastic process/be stationary in wide sense, 
i.e. a mean value E/(u) is independent from u and the variance

Var[f(u) - /(v ) ]  = 2g (h) = E [(/(«) - /(v ))2] <2)

depends on the difference vector h =  u - v only. If the variance depends on the 
length h = |h | only, the stochastic field is called to be isotropic.

Let us formulate the problem of optimal interpolation, or the best linear 
unbiased estimation (Kolmogorov, 1941):

for P0£ R 2 we have to find weights ptER(i = minimizing

o2 = E [ f(P 0) - S ( P 0)]2, (3)

where S(P0) is the linear combination of known values /  = /(/*,):

s ( P 0) = Y ,P i f r  (4)
1

A more general problem can also be considered. One may suggest that 
values /  have a random errors A / which are not correlated and with / ,  having 
the zero mean value and the measure of error

V = D(A/)/D/, (5)

where D is the sign of dispersion; r\ = 0 in the errorfree case.
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This method was first used by the French geologist Krige (1951) (as referred 
in the name “kriging”) in statistical geophysics, and by the Russian scientist 
Gandin (1963) in climatology. The latter used an autocorrelative function (ACF) 
r(x) instead of the variogram g(x):

r(x) = 1 -  g(x)IDf. (6)

The unknown weights p, in Eq. (4) satisfies the system of linear equations

( 8)

The value e may be written as

N

e = 1 i

It can easily be shown that

e + 5 = 1, ( 10)

where 6 = D//DS and DS is the dispersion of the random variable S(xQ).
The equation (10) is equivalent to

D / = a2 + DS. <n >

This estimation of the smoothing effect of optimal interpolation should be 
taken into account in the cases where individual values of the interpolant are of 
interest and their decreasing is not desirable (see also Kostyukov, 1982).

Moreover it is suggested that the ACF (or the variogram) is known i.e. there 
is a sufficiently large number of measurements or/and some a’priori information.
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The exactness of optimal interpolation may be described by the measure of 

its error (Gandin, 1963)



3. The method o f inverse distance raised to a power

In this method the values of the interpolated function are weighted in some grid 
points Pj nearest to the point (x,y) of interpolation with the weights which are 
inverse to a distance raised to the power a:

S(x)= E  Pi f ,  (12>
i = 1

(13)

where
= IK*oO -Pj\\- <14)

Formula (12) involves that lim pj — <5y (Kronecker’s delta) if | | (x,y) -  Pt | | 0.
The value a regulates the influence of distances: the more is a the more 

quickly the influence of values of the function in the grid points is decreasing 
as the point of interpolation is being farer and farer from the grid points.

This method can be used as smoothing. In this case the weights are choosen 
as

Pi ~ l/(r,a + b ), (15>

where b> 0 is an empirical parameter (Kostyukov, 1982).
The described method has one undesirable property: isolines near the grid 

points are often distorted (“bull’s eye” effect).
Moreover, if there are some grid points which are situated close to each 

other on one side of the point of interpolation and only one grid point on the 
contrary side with the same distance, it is evident that “the heap overcomes”. 
This fact is not in agreement with the main physical ideas.

Next method suggested by Babaliev (1973) is free from the above mentioned 
defect.

4. The weighted anisotropic interpolation (WA1)

In this manner the method was named by Kostyukov (1982). The weights in 
formula (4) satisfy the system of linear equations:
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(16)

where rl} = | | P, -  P; | | , ri0 = | | P, -  (*,}>) | | , p, = tt/E tt,,
So, condition (1) holds, and the reciprocal arrangement of data points is 

taken into account. When )V = 2 the method is equivalent to the method of 
inverse distance with a = 1 and b = 0 in formula (15).

5. Shepard’s method

The method is based on ideas of the least squares and inverse distance methods. 
The interpolant S(x,y) is given in any point (x,y)ED  by the formula

N  N

S(x,y) = 53 Wk(x,y)Sk(x,y)153 Wk(x,y), (17)
k = 1 k = l

where the nodal functions Sk given by

(18)

are the second degree polynomials of (x,y), which interpolate the data values f k 
at grid points (xk,yk). The coefficients AlJc, ..., A5Jk are obtained by a weighted 
least squares fit to the closest NQ (4 < NQ < min{41, Â}) data points with 
weights similar to Wk which are taken to be

Wk(x,y) = [(Rk - D k)J(RkDk)]2, (19)

where a+ = max(0,a), Dk(x,y) = | | (x,y) - (xk,yk) \ \ and Rk is the radius of the in­
fluence, which varies with k and is chosen so that the AW (0<AW<min{41, N}) 
data points are within the radius. Parameters NQ and AWare taken by the user. 
For a sufficiently large N the recommended values are AW = 1 9  and NQ < 13.

The value Wk(x,y) is not defined by formula (19) at the grid point (pck,yk) but 
S(x,y) -* fk as (x,y) -* (xk,yk), (k = 1,...,N). It can be shown that SEC A D ). 
A detailed description of the method is given in the paper Algorithm 660 (1988).
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6. Interpolation by splines

Let’s formulate the problem of seeking for a spline SEW 22(D) which satisfies 
Eq. (1) and minimizing condition

f  [ S J  + 2 V + V] d x d y = min' (20)
D 2(D)

where the unknown coefficients X],...,XN, 0̂0, vl0, j/01 satisfy the system of 
linear equations. This system is given in the monograph (Vasilenko, 1983).

The system has the only solution if there are at least three data points not 
lying on the same straight line. The more the value of iVthe more the condition 
number of the system is.

7. Interpolation by multiquadrics

Hardy (1971) suggested quadratic functions, or quadrics for modeling of 
smoothing surfaces. These functions are given by the equation

ft(x,y) = [(x - x f  + (y -  y f  + b]1/2, (22)

where b is the parameter taken by the user. If b = 0 the Eq. (22) defines a 
cone, else it defines a hyperboloid with vertical axes.

The general equation of the surface is the sum

H(x,y) = Y ,  c,[(* “ xf  + (y ~ y f  + b\V2- (23)
i = l

Coefficients c, are obtained from the system, which arises from interpolation 
conditions.

The surface constructed by this way is too smooth. The results are good 
only if data functions are varying slowly.
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To obtain the coefficients c, it is necessary to solve the system with dense 
matrix. For N  > 1000 the problem is the storage of the matrix as well as the 
time of calculations.

8. The Italian method

In this method (Montefusco and Casciola, 1989) the global interpolant is 
constructed by smooth “pasting together” of partial interpolants, given in 
triangles which are defined by chosen triangulation of data point set. Inter­
polants are constructed provided minimum of some (energetic) functional 
involved interactive given parameter (“tension parameter”). It gives a strong 
tool to users to have influence on the approximative surface behavior and allows 
to smooth undesired oscillations near the points with high gradients.

The algorithm consists of three consecutive steps:
(1) Triangulation of the domain D — the convex hull of the set of data 

points with the tops of triangulation in these points (Lawson, 1977);
(2) Approximation of a first partial derivatives;
(3) Construction of the global interpolant (Nielson, 1980).
In step (2) there is possibility for interactive influence on the interpolant by 

means of the tension parameter to control the form of the interpolation surface 
and avoid undesired oscillations. The tension parameter is recommended to vary 
between sufficiently wide limits to achieve a marked effect.

An example for the use of the Italian method for different values of tension 
parameter, when data are natural, is given below (see Fig. 1).

9. Numerical experiments

The objective analysis of wind, geopotential, temperature and air pollution fields 
was carried out by Kostyukov (1982) on the base of extensive natural data. The 
author made use of least squares polynomial approximation, inverse distance 
raised to a power, optimal interpolation and WAI methods. Numerical 
experiments using independent data showed that the best results were received 
when the two latter methods were applied. WAI was preferred as it does not 
require a supplementary knowledge of statistical structure of meteorological 
fields to be interpolated.

We made use of the above mentioned methods and multiquadrics, Shepard, 
spline functions and Italian methods also. The numerical experiments were 
carried out on lake depth data. The analysis of results showed that in the case 
of sufficiently slowly varying functions and approximately regularly placed grid 
ponts, all of the methods in question led to similar results which were quite 
good. The analogous conclusion is fair for tests when the grid points are 
modeled randomly and the function to be interpolated is taken as smooth
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analytic function. In real situations when the function to be interpolated has high 
gradients the interpolant has oscillations which are uncharacteristic of the initial 
data. The Italian method allows to avoid this defect by a suitable choosing of the 
tension parameter.

Fig. 1. Isolines of water depth field on the Kama river 
(the numbers refer to the measurement points).

10. Interpolation when a grid is regular

In this case bicubic splines may be used for instance (Vasilenko, 1983; 
Vager and Serkov, 1987). The multiple solutions of the linear equation systems 
with high dimensional three-diagonal matrices are required to realize the above 
mentioned methods.

Powell (1977) formulated the interpolation problem of given function/when 
the data points are situated on a regular rectangular grid. Let the steps in axes 
x,y are dx, dy, respectively. We seek for bivariate function S(x,y) such that
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(1) S (P ,)= fi (i =
( 2 )  5  e  C ' ( D ) ;
(3) \S(x) - fix )  | = OW3), where d2 = d 2 + d 2, if /G C 3(D);
(4) The property of locality (see the point 1 above) holds;
(5) Isolines S(x,y) = const are easy to construct.

Powell (1977) suggested to construct the interpolant as a spline. His 
approach comes to a numerical solution of the system of the linear equations 
which is analogous to that arising from the finite differences solution of the 
Laplase equation.

We worked out a modification of the Powell’s method. The value of the 
interpolant in each point (x,y) is given as a linear combination of the values f  
in 16 grid points nearest to the point (x,y). Coefficients of this linear com­
bination are the quadratic splines given by explicit formulae, so there is no need 
to solve any systems. This approach allows to decrease the computing time 
essentially. The formula for S(x,y) has the form

where if xG[x;, ,̂ + J ,  for instance

Oj. jOc) =3A2/4 -A/2A, if 0< A<l/2, 
o(._ t(x) = -A2/4 + A/2A -  1/4, if 1/2 < A < 1,

where \  = (x - Xj)/dx .
It can be showed that all conditions (1)—(5) are held. 11

11. Aims o f further research

(1) To find the more expedient domains of using of each above mentioned 
interpolation method on the base of extensive numerical experiments. To set 
in accordance the various literatúrai recommendations which are often 
contradictional. For instance, Kravchenko (1984) informs that the using of 
splines is effective when N  <150. The authors of the well-known package 
of applied programs SURFER recommend N > 1000 on the contrary.

(2) To work out an effective method for approximation of bivariate functions 
in the case of the domain D is not one-connective (it means that there are 
a number of “holes” within D i.e. a lake with islands). The known methods 
usually work as there is no difference between “holes” and domains with a 
sparse arrangement of data points.
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Abstract—In this paper three simple, widely applicable models were used to estimate the 
various components of solar radiation under clear sky conditions at Qena /Egypt. The first 
model is an empirical one and estimates the global solar radiation as a function of the solar 
elevation h as: G = A sin(h) + B. The second and third models were developed by Kasten 
(1983) and Davies and McKay (1982) representing semi empirical and physical models, 
respectively. The results produced by the models have been compared with measured hourly 
and daily values. Model performance was assessed from the mean bias error (MBE), the 
mean absolute error (MAE) and the root mean square error (RMSE). The comparison 
shows that the global and direct solar radiation are more accurately estimated than the 
diffuse radiation. With respect to global radiation (G) all the three models perform well, but 
the first and second ones estimate better. The mean bias error in estimating hourly values 
of G is smaller using the first model (=  zero in all months), while for daily values the 
Kasten model is better.

With respect to direct solar radiation (7), Kasten model provided better daily and hourly 
estimates than the Davies and McKay one. In general, the superiority of an appropriate 
statistical approach against a physical one is obvious. The monthly variation of the model 
performance indicates somewhat general consistencies between the months, which are 
characterized by high aerosol vibration and that show high error indices.

Key-words: solar radiation components estimation, statistical models, physical models, 
aerosol effect. 1

1. Introduction

As long as precise measurements of solar radiation are absent, one still needs 
models to estimate various components of it, which are necessary for solar 
energy utilization and studying of atmospheric conditions. This need is more 
significant in the developing countries, where these measurements are scarce,
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their spatial density is inadequate. The meteorological and engineering literature 
is replete with such procedures. There are mainly two approaches. The first 
approach is represented by several empirical and semi empirical models, these 
are commonly called statistical models. They were developed to satisfy local 
needs and the users in other locations have to verify or revise the numerical 
values of the constants and coefficients before applying them. However the semi 
empirical models have some claim to generality. The second approach is 
represented by the models based on radiative transfer calculations that simulate 
the physical processes in the atmosphere, e.g. the attenuation due to the 
absorption and scattering of water vapor, ozone, Rayleigh and Mie scattering 
by gases and aerosols. These models are usually referred to as physical models. 
They require a lot of information about the constituents of the atmosphere, but 
they do not need solar radiation data and may be applied anywhere.

The aim of this paper is the analysis of the accuracy of two statistical and 
one physical model in estimating the radiative fluxes on a horizontal surface in 
Qena/Egypt at cloudless days. A selection was made from models and model 
forms which may be suitable for general application.

2. Selected models

In this paper we use some models, which are considered relatively simple and 
well suited to the available meteorological information.

The first model (Kasten and Czeplak, 1980; Holstlag and Van Ulden, 1983; 
Van Ulden and Holstlag, 1985; Sahsamanoglou, 1991), also the simplest one, 
estimates the global solar radiation (G) as a function of the solar elevation h, 
according to the following known relation:

G = A sin(h) + B ,

where A and B are coefficients estimated on the basis of hourly global solar 
radiation using least square method.

The second model (Kasten, 1983) estimates G in the case of cloudless sky as:

G = G0 C exp(-D TL m), (2)

where G0 is the extraterrestrial radiation, TL is the Linke turbidity factor, m is 
the relative optical air mass (see Eq. (12)) and C and D have the values C = 
0.84 and D = 0.027, based on data over West Germany. TL is calculated as:

^  = (1 + [(To + Tw + ^fl)/^ )]. W

in which 70 , t w , Ta  and r r  are the spectrally integrated optical depths for ozone
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absorption, water vapor absorption, aerosol attenuation and Rayleigh scattering, 
respectively. Kasten did not include the calculation of direct beam radiation in 
his model. This modification was made using :

/  = /0e x p (-rL-cr ;n). 

The diffuse component is given as:

(4)

D = I  sin h -  G. (5)

The third model {Davies and McKay, 1982) calculates the direct (/) and diffuse 
(.D) radiation, both on horizontal surface, as:

I  = G0{T0T - a w)TA, ( 6)

D = G0 [(1 -  Tr)l2 + (TQTr -  a j  (1 - TA) *>g], (7)

where T0 is the transmissivity after absorption by ozone, Tr is the transmissivity 
after Rayleigh scattering, aw is the absorptivity of water vapor, TA is the 
transmissivity after extinction by aerosol, u is the spectrally-averaged single 
scattering albedo for aerosol and g is the ratio of forward to total scattering by 
aerosol. Global radiation is expressed as the sum of I  and D. The following 
formulas {Iqbal, 1983) have been used for the parameterization of the different 
models:

G0 = 70 cos Z (8)

in which I0 is the corrected value of the solar constant and Z is the solar zenith 
angle given as:

I0 = Isc [1 + 0.033 cos (360 d j  365)] (9)

and
Z = cos 1 (sin <{> sin 6 + cos 4> cos 6 cos H),

where <p is the latitude of the station, 5 and H  are the declination and hour 
angles of the sun, respectively.
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(11)

T0 = 1 -  [0.1611 Xj (1.0 + 139.48 x,)-0-3035

-  0.002715x x (1 +0.044xY + 0.0003X j)'1],

in which x { = m U0, where U0 is the ozone layer thickness in cm (NTP) taken 
from Robinson (1966) and m is the relative optical air mass calculated using the 
Kasten formula (1966):

m = [cos Z  + 0.15/(93.885 - Z )L253]_1. <12)

Tr = exp(-rr m), in which rr is calculated according to Louche et al. (1986) as:

t r = (6.5567 + 1.7513 m -  0.1202 m2 + 0.0065 m3 - 0.00013 m4) 1. (13)

= 2.4959 x2 [(1 + 79.034 x2)a6828 + 6.385 *2] \  (14)

in which x2 = wm, where w is the perceptible water thickness in cm, calculated 
with the aid of the Leckner (1978) formula:

w = 0.493 (<pr/T) exp (26.23 -  5416/T). (15)

<pr is the relative humidity in fraction of one and T is the ambient temperature 
in Kelvin, taken from the Meteorological Department of A.R. Egypt.

TA = exp(-ra m), in which ra is calculated using the following formula 
(Freund, 1983):

xa = (-Urn) ln[(///0)/(70r  - aw)]. (16)

g = 0.93 -  0.21 In (m). A constant value of 0.75 was used for ca. r0 and 
t w in the Kasten model are calculated with the aid of the above given equations 
of r 0 and Tw as:

x0w = (-\/m) InTQw. (17)

3. General climate of Qena/Egypt

Qena is located in the south part of Egypt at latitude 26°10’N, longitude 32°43’E 
and elevation 78 m above sea level. Climatically, Qena lies within the sub­
tropical region characterized by warm sunny days and rather cool nights in 
winter (Dec-Feb) and hot, very dry summers (Jun-Aug). In spring (March-

56



May) the khamasin depressions are the main features which are associated with 
high and medium clouds. They can be vigorous and cause severe sand storms 
raised by strongly southern winds. The study region has almost calm weather, 
low cloudiness (80% of the days of the year are cloudless) and nearly no 
precipitation. Analysis of trend values of the most important weather elements, 
which were taken from the Meteorological Authority of A.R. Egypt, shows the 
following:

(i) Average temperature ranges from 14.5°C in January to 34°C in 
July.

(ii) Average relative humidity varies from 21% in May and June to 
48% in December.

(iii) Significant percentage of winds is calm ( =  52%). The prevailing 
winds are W, NW, SW, and N, with percentages of occurrence of 
15.9%, 11.8%, 11.7% and 4.5%, respectively. The majority of 
winds range from 2 to 3.1 m s -1 and the least occurrence of speed 
intervals ranges from 8.8 to 10.8 m s_1.

4. Experimental data

Either for empirical and semi empirical models or for quality control of the 
physical ones, measured values of solar irradiance and other parameters have 
been used. The hourly values of global (Gh) and diffuse (Dh) solar radiation, 
which are used in this study were recorded through a program for measuring 
the solar radiation components, supervised by the author, over Qena/Egypt. A 
precision pyranometer (Kipp and Zonen Model CM 6B) is used to measure G, 
another similar one, fitted with a shadow band (radius 620 mm and width 60 
mm), constructed by the author following Kipp and Zonen rules, has been used 
to measure D. Both pyranometers were conjuncted with a two channels solar 
integrator (Kipp and Zonen Model CC12) to record the values of hourly Gh and 
Dh in kJ/m2 as well as daily values of Gd and Dd in MJ/m2 for a period of 2 1/2 
years (Feb 1992-Sep 1994). More details about the experimental techniques and 
the specification and exposure of the instruments are given in a previous 
contribution (El-Shazly, 1994). From these data, those under clear sky 
conditions have been selected for this study. The criterion for clear sky 
condition is the cloudiness to be less than one okta. From G and D data, the 
corresponding values of I  were calculated. The measurements were performed 
on the roof of a building of the Fiterature Faculty, South Valley University, 
Qena/Egypt. There were no evidence of errors in the measured radiation 
records except for a few cases when Dh exceeds Gh near sunrise and sunset. In 
these instances the observations were rejected.
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5. Results and discussion

5.1 Estimation o f the coefficients A, B, C, and D in Eqs. (1) and (2)

The values of A, B, C, and D were estimated on the basis of hourly values of 
G, D and h with the aid of the least square method. Because the quantities of 
water vapor and aerosols in the atmosphere vary from month to month, so 
different pairs of values of A and B were estimated for each month. Table 1 
summarize the monthly values of A and B in Qena/Egypt. Also, its average 
values in some other areas are given in Table 2 for comparison. With respect 
to C and D in the Kasten formula, they were found to be 0.801 and 0.011, 
respectively. These values are in a very good agreement with the values 
estimated by Kasten and in other locations in Egypt as given in Table 3. This 
table shows that the values of C and D are nearly the same for both Egypt and 
Germany. This result indicates that the considering of the turbidity factor in the 
empirical relations to estimate the solar radiation components under cloudless 
sky conditions, may make these realtions quasi independent of the climatolog­
ical conditions of the stations and have some claim to generality.

Table I. Monthly values of coefficients A and B (W/m2) in Qena/Egypt

Month A B R2

January 1135.1 -69.5 0.920

February 1183.7 -84.0 0.900

March 1087.7 -46.4 0.940

April 1152.7 -97.1 0.990

May 1175.9 -132.9 0.980

June 1162.7 -128.2 0.950

July 1143.9 -112.9 0.960

August 1125.7 -105.9 0.950

September 1076.2 -48.6 0.930

October 1172.6 -106.0 0.920

November 1131.6 -78.0 0.940

December 1108.5 -62.2 0.990
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Table 2. Average values of coefficients A and B (W/m2) at different areas 
0Sahsamanoglou and Makrogiannis, 1991)

Area A B

Boston
(42°13’N/71°07’W)

1098 -65

N. Atlantic 
(52°30’N/20°W)

1100 -50

Harrogate
(54°00’N/1°30’W)

990 -30

Hamburg
(53°38’N/9°50’E)

910 -30

De Bilt
(52°06’N/5°11’E)

1041 -69

Qena
(26°10’N/32°43’E)

1137 -88

Table 3. Values of coefficients C and D in the Kasten formula at different locations

Location C D

Hamburg (Germany) 0.840 0.027
Barani (A.R. Egypt) 0.933 0.034
Matruh (A.R. Egypt) 0.879 0.027
El Arich (A.R. Egypt) 0.887 0.032
Tahrir (A.R. Egypt) 0.835 0.027
Cairo (A.R. Egypt) 0.749 0.017
Aswan (A.R. Egypt) 0.864 0.030
Kharga (A.R. Egypt) 0.800 0.018
Qena (A.R. Egypt) 0.801 0.011

5.2 Model performance

Model performance was assessed primarily from the mean bias error (MBE), 
which characterizes systematic errors, and from the root mean square error 
(RMSE), characterizing nonsystematic errors. The mean absolute bias error 
(MAE) was also computed since the MBE may cancel significant positive and 
negative biases. These indices were calculated for each month for both hourly 
(kJ/m2) and daily (MJ/m2) totals of G, D and /:
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Figs, la, b and c summarize the performance statistics for each flux and model 
for daily and hourly irradiation in different months of the year. From these 
figures the following deductions can be made:

| —A t-  Model 1 Model 2 - — Model 3 | Model 1 Model 2 ^  Model f

| Model 1 ——— Model 2 - - » -  Model 3l 

Daily

| Model 1 Model 2 Model 3

Hourly

Fig. 1. Monthly variation of error indices in estimating (a) global solar radiation; 
(b) diffuse solar radiation; (c) direct solar radiation in Qena.
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5.2.1 Global radiation

The three models performed similarly and estimated G with percentage of MBE 
and RMSE up to 14.7% and 15.3%, respectively, for daily values and 14.9% 
and 35.2% for hourly ones. However models 1 and 2 estimated the daily and 
hourly values with the least percentage of errors. The percentage of MBE in 
daily estimates lie in the ranges (-0.18-8.5), (-6.8-10.7) and (3.96-14.7), 
while they were (-0.03-0.0), (0.51-12.6) and (4.8-14.9) in hourly estimates, 
using models 1, 2 and 3, respectively. The corresponding percentages of RMSE 
were (3.8-8.8), (1.6-11.3) and (5.6-15.3) for Gd and (3.2-13.6), (3.7-35.2) and 
(6.3-33.2) for hourly values (Gh). As shown in Fig. 1, MBE using the first model 
is really zero for hourly values, which is a remarkably good result, making this 
model in favor to the other two models in estimating hourly values of G.

5.2.2 Diffuse and direct solar radiation

With respect to D and /, both daily and hourly, the Kasten model provided 
better estimates than the Davies-McKay model. However neither of the models 
performed well for estimating D. As it has been shown in a previous work (El- 
Shazly, 1994), models of Liu and Jordan type realize the best estimation of this 
radiation component in our region. This conclusion agrees very well with that 
found by other authors at other locations (Davies et al., 1989).

For I, the Kasten model estimated I with percentages of RMSE in the range 
of 2.53-18.5 for daily values and 1.47-28.16 for hourly ones (with RMSE of 
Ih< 4% for most of the months of the year). RMSE in model 2 reaches 62.5% 
with most of the values in the range of 10.0-31 % for daily estimates and 76% 
with most of the values in the range of 22.4-29.3 for hourly values. The 
corresponding MBE were between -15.4 and 5.4 using model 2 and between 
-62.5 and 8.86 using model 3 for daily estimates, while for hourly estimates 
it were between -2.4 and 4.56 and from -61.8 to 4.88 using the Kasten and 
Davies and McKay models, respectively.

For D, the percentage of RMSE for daily and hourly values, respectively, 
were (12.9-41.8) and (20.5-39) for the Kasten model and (65.9-171) and 
(67.3-162) for the Davies-McKay model. The MBE percentages were (-0.0- 
39.34) and (-154.5 -  -62.5) and (-3.3-24.1) and (-154.4 -  -62.94) for daily 
and hourly estimates using models 2 and 3, respectively.

As it has been shown above, the accuracy of the statistical approach is 
better than that of the physical one. This may be explained in view of the 
inadequacy of the necessary input parameters in the physical model (dust, water 
vapor and ozone) to estimate the various quantities related to the interaction of 
solar radiation with the atmosphere. Especial interest must be given to the 
aerosol effect, which is the major source of error in model estimation for the
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real atmosphere as suggested by Omran (1989) and confirmed in this paper as 
will be shown in the next section. Measurements of these parameters with 
sufficient accuracy for each individual location will improve the accuracy of the 
physical model to be comparable or better than statistical ones.

5.2.3 Monthly variation of the performance of the selected models

The monthly performance of the three models are shown in the Fig. la, b, and 
c for G, D and I, respectively. From these figures, the following may be 
concluded:

(i) All models overestimate G, both daily and hourly, except in some 
months, in which model 2 underestimates its daily values (Mar, 
Apr, May, Sep and Oct). Model 1 shows no biases in hourly values 
of G.

(ii) Model 2 overestimated Dd, Dh (except in June) and Ih (except in 
April), while Id was underestimated using this model (except in 
December and June). However both D and I  were underestimated 
using model 3.

Considering the nature of the atmosphere of the study region, we can say 
that the fluctuation of the error indices through the months of the year may be 
generally due to the inadequate incorporating of aerosol in the calculations in 
the different models. In Qena city the main pollutants in the atmosphere are the 
aerosol dust particles dispersed from the surrounding east and west mountains 
as well as man activities (El-Shazly, 1989). So the attenuation by aerosols in the 
incoming solar radiation in this region is significant and more than that caused 
by other constituents (Water vapor, Ozone, and Rayleigh scattering) as it is 
shown in Fig. 2. Also its content varies considerably from day to day and 
month to month. A general consistency was found between the months, which 
are characterized by obvious aerosol variation and that show high error indices. 
Accordingly its effect can not be safely ignored in calculations with models 
attempting to imitate the physical processes, which attenuate radiation and 
appear in the different values of solar radiation components at the same Julian 
day. However there is little empirical information, which can be used in 
models, and aerosol effects can be incorporated crudely. The different optical 
characteristics of the aerosol in Qena will be the matter of an empirical study 
in the near future owing to its very important role in the radiation energy 
exchanges taking place within the earth-atmosphere system.
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Fig. 2. Variation of the atmospheric extinction caused by different constituents in Qena/Egypt.

5.2.4 Comparison between the performances o f the models at different stations

Comparing the model performances at different stations in Egypt and some 
other countries {Davies, 1989) shows the following:

(1) Model 1 provided similar high accuracy in estimating Gd in both 
Qena/Egypt (MBE = 4.33% and RMSE = 6.09%) and Thessaloniki/ 
Greece (MBE = -0.01% and RMSE = 8.83%).

(2) With respect to the other two models, Table 4 summarizes the per­
centage of MBE and RMSE, which were found estimating G, D and 
7 both daily and hourly at different locations. The values of these 
indices show some claim to homogeneity in view of the different 
atmospheric conditions. The following general features may be 
concluded from this table:
(a) Both models estimate G with smaller errors than D and /  at all 

stations.
(b) In Cairo/Egypt the two models perform better in estimating I 

than D, which is in contrast to the European stations, where D 
was estimated with slightly more accuracy than I.

(c) In Qena/Egypt model 3 failed to match its performance in the 
other stations.

(d) Higher values of both MBE and RMSE were found usually for 
hourly estimates of all solar radiation components compared to 
daily ones.
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Table 4. Percentage of RMSE and MBE of solar radiation components at different locations

MODEL 2 MODEL 3

G D / G D /
Location

MBE RMSE MBE RMSE MBE RMSE MBE RMSE MBE RMSE MBE RMSE

d 0.5 4.51 20.8 28.3 -5.8 13.2 7.5 8.99 -96.9 103 -26.25 29.5
Qena/Egypt

h 3.94 12.3 8.7 33.4 1.56 6.83 8 14.79 -95.6 100 -26.13 41.6

Matruh/Egypt d -0.5 6.6 -5 35.7 -7.2 10.1 -27 47.1

El-Arich/Egypt d -1.1 12.3 4.7 36.1 -3.8 12.7 -5 37.5

Cairo/Egypt d -0.2 9 0.5 26.5 0.36 18.8 0.32 8.1 -1.8 26 1.4 18.7

Aswan/Egypt d 0.61 13 12.5 39 2.5 12.8 9.8 38.6

Kharga/Egypt d -1.4 5.8 10 30.5 -3.9 6.4 -4.4 27.5

De Bilt
(The Netherlands)

d 3.8 19.3 -0.5 29.2 1.71 57.8 -1.5 17.7 -18.3 33.8 32 69.4

h 3.8 39 -2.4 49.7 19.1 102 -1.5 38.7 -18.3 52.5 34.1 112.2

Hamburg
(Germany)

d 5 21.8 10.8 38.6 1.8 57.4 1.2 18.8 -13.1 36.7 21.9 62.2

h 5 35.5 9.2 56.9 1.9 80.3 1.2 33.7 -13.1 57.3 22 86

d 4.7 20.5 24.9 38.8 -15 50.4 1.5 18.4 9.2 30.7 1.8 43.8
Kew/UK

h 4.7 34.3 24.9 52 -16 78.7 1.5 31.4 8.7 46.1 1.4 73.5



6. Conclusion

An attempt to estimate various components of solar radiation at Qena/Egypt 
using two main types of models, namely, statistical models (1 and 2) and a 
physical model (3) leads to the following conclusions:

(i) All selected models estimate the global radiation, both hourly and 
daily, with satisfactory accuracy, but model 1 and 2 usually better.

(ii) Model 2 estimates the diffuse and direct components better than 
model 3, which failed to estimate D, both hourly and daily.

(iii) Values of C and D coefficients in equation 2 agree very well with 
that found for other stations. This indicates the importance of intro­
ducing some meteorological parameters in the empirical formulas to 
improve its accuracy.

(iv) There is a general consistency between months with high variation 
of aerosol contents and that of large error indices.

(v) The accuracy of the statistical approach is better than that of the 
physical one, but they can not have general applicability.

(vi) Although model 2 produced generally the best estimates of solar 
radiation components in Qena, the differences between the statistical 
measures of errors for the best and the worst performing models 
may not be sufficient to be significant for solar energy or any other 
application.
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BOOK REVIEW

Wilfried Schroder and Hans-Jürgen Treder (eds.): The Earth and the Cosmos. 
Science Edition, IDCH IAGA/History commission DGG. 382 pages.

This book is presented to the memory of Professor Hans Ertel (1907-1971). 
The object of this book is the introduction of Hans Ertel as scientist, person 
and leading manager in science.

This book uses many sources, e.g. correspondence with lot of scholars, his 
working life, some papers from his wide field of scientific work.

Reading this book we learn that Prof. Ertel made many important 
discoveries in theoretical meteorology, theoretical geophysics and geophysical 
hydrodynamics.

First of all Ertel’s potential vorticity theorem has become more and more 
important in meteorology, geophysics, astrophysics, physics and geophysical 
hydrodynamics.

During the early 1930-ies Ertel addressed the general problem of the 
thermodynamics and friction of the atmosphere and ocean. His most important 
contributions were to show the importance of the variation of the Coriolis force 
with latitude and the theory of long waves in dynamical and synoptic 
meteorology. He studied the problems of interactions between the stratosphere 
and troposphere. He emphasized the importance of the advective-dynamics 
theory of air pressure variations and their periodicities.

In 1939 he published his famous book on theoretical meteorology.
After the Second World War Rossby invited Ertel to Stockholm and Hilding 

Kueler to Uppsala. Then and in the time of Rossby’s visit in Berlin (1948) it 
was clear that Ertel’s earlier studies had implied the existence of Rossby 
waves.

On the basis of “Ertel’s vortex invariants” derived from the vorticity 
equations a symmetrical deformation tensor could be constructed which made 
it possible to make linear transformation of the vorticity components in their 
total-time derivatives.

One of his very important works: “A relationship between kinematical 
parameters of horizontal fields of flow in the atmosphere” was published in 
IDŐJÁRÁS (Vol. 74 (1970), 98-102).

Professor Ertel was a member of the Editorial Board of IDŐJÁRÁS. He 
was in correspondence with many Hungarian meteorologists, e.g. with László 
Aujeszky, Frigyes Dési, György Kozma, Ferenc Rákóczi and Alfréd Zách.

Hans Ertel was a member of the Deutsche Akademie der Wissenschaften 
since 1949, in 1952 he was chosen as one of its vice-presidents. He was at the
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same time Director of the Institute of Meteorology and Geophysics in Berlin, 
Professor for Geophysics and Theoretical Mechanics at the Humboldt 
University and Director of the Institute of Physical Hydrography of the 
Academy of Sciences.

He helped to organize the commemoration of the work of Alexander 
Humboldt and Max Planck. He worked actively in the program of the 
Geophysical Year and in the work of the International Hydrological Decade. 
He was one of the leader scientists of the Carpathian Conference.

Unfortunately, Ertel published all his papers in German or Spanish, in 
journals which were not very well-known internationally, with the consequence 
that Ertel’s work has not received the recognition it merits. Knowing this fact, 
we have to agree with W. Schroder, who told that Ertel’s work “has been 
overlooked in the English scientific literature. Consequently many ‘new’ ideas 
in English books and journals are ‘old’, because they have been described 
already by H. Ertel in the years between 1930-1970” .

The book consists copies of original articles, xeroxes of handwritings and 
letters.

We are in agreement with the subtitle of the book, it is really: “The Legacy 
of Hans Ertel” .

Ferenc Rákóczi
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