DIMENZIOK 15
Matematikai K6zlemények
l. kotet, 2013

A Diophantine Equation Including Balancing Numbers

Nurettin Irmak
Nigde University, Art and Science Faculty,
Mathematics Department, gtle, Turkey

1. Introduction

The first definition of balancing numbers is esgadlyt due to Finkelstein [5], though he
named them numerical centers. A positive integer 2 is called balancing number if

1+2+-+Mm-1D=0+D+M+2)+ -+ n+71)

holds for some positive integerwhich is called balancer corresponding to the riatay
numbern. Them®" term of the sequence of balancing numbers is édno¢B,,. It is known
that the balancing numbers satisfy the recurrence

B, =6By_1 — Bn_y,

where the initial conditions are defined By = 0 andB; = 1.

The Binet formula of the balancing numbers is gilagn
OCTL_BTI

«—p '

wherex andp are the roots of the characteristic polynomfal- 6x + 1.

Behera et al. [3] showed that the diophantine eguat

it Ff o By = Py + Frg + oo Py (1)

has no solution in the positive integérsr, k, 1) withn > 2 in the caseg <[ and(k,[) =
(2,1),(3,1),(3,2). HereE, denotes:!" Fibonacci number. They also conjectured in [3}t tha
only the quadrupleén,r, k,l) = (4, 3,8, 2) satisfies (1). Their conjecture was proved by
Alvarado et. al. [2].

We focus on the equation

BY + By + -+ Bn_y = Bnyy + Buyp + o +Bnir )

In the specific cases, we found no solutions. Base Theorems 6-9 and an extended
computer search, we conjecture the following.

B, =

Conjecture: There is no quadrupler, , k, 1) of positive integera > 2 which satisfies (2).

2. Lemmas

The proofs of the theorems use several statemelésied in this section.

Lemma 1.For any positive integeimn
(@) Bns1Bm-1 = (Bm + )(By, — 1),
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(b) Bom—1 = B?%l - Brzn—p

(c) By + B3 + =+ + Byyy_1 = B3,

(d)B?+ B2+ -+ B2_, <B4+ Bpys+ -+ By form =5,
(€) Bzm+s + Bimss + -+ Bimps < B + BS + -+ Bl form = 2,
(f) 4B,, < Bp+1 — By < 5By,

hold.

Lemma 2. Any positive integen satisfies
(@) Xk=1Br = (Buy1 — B —1)/4,
(b) Xioy BZ = (Bznss — (2n + 1))/32,
(€) Ziey Bi = (Banes — Ban — 147 (Bnaq — By) + 112)/6272.
Lemma 3. For any integen > 3, the inequalities
o(u—0.99< Bu <O(u—0.98

hold.

Lemma 4. Suppose that > 0 andb > 0 are real numbers and, is a positive real number.
Thenoc*+ b <*** holds for any > u,, wherer = log,(a + %).

3. The results

Here we present four theorems and the proof ofasteone. They confirm the conjecture.

Theorem 1. The Diophantine equatioB¥ + BX + .-+ Bk, =B!,, + B, + - +B},,
has no solution for any positive integerandn > 2 if k < L.

Theorem 2. The Diophantine equatioB? + B2 + -+ B2_, = Bp,1 + Bpyy + " + Bpyr
has no solution in positive integerandn > 2.

Theorem 3. The Diophantine equatioB; + B3 + -+ B3_, = B,.1 + Bpys + -+ + By
has no solution for any positive integeandn > 2.

Theorem 4. The Diophantine equatioB? + B3 + -+ B3_, = B2,, + B2,, + -+ B2,
has no solution for any positive integeandn > 2.

PROOF OF THEOREM 4. For2 < n < 4 the statement is obvious. Assume now 5. The
application of Lemma 3(b) and (c) convert the eipumat

Bi + By ++Byy = Bnyy + Buyy + o+ Buyr
To

B3n—B3(n—1)—147(Bn—B(n_1) )+112
32-196

1
= E(Bz(n+r)+1 — Byng1 — 21).
Which is equivalent to
Bsn — Bstn1) — 147(Bp, — Bny1) + 196B,p 14 + 112 = 196(Bynyrye1 — 27).

Put
LS == B3p, — B3(n—1) — 147(By, — Bp41) + 196B;,,1 + 112,
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RS = 196(By(nirys1 — 27).

Now use Lemma 4 and Lemma 2 (f) to obtain

0(2n+27‘+3< RS <OC2n+2r+3'02,

Similarly,

19683(11—1) < LS < (196 + 197)33(71—1)'

oc3n—1.01< LS <0(3TL—0.59

hold. By the equation above

max{2n + 2r + 3,3n — 1.01} < min{2n + 2r + 3.02,3n — 0.59}

follows, which yields

n—4.03 < 2r < 3.59.

Clearly, only2r = n — 4 is possible. Inserting = 2r + 4 to the equation, we obtain

Bf + BS + o+ B§r+5 = Bzzr+5 + Bzzr+6 + o+ B§r+4'

and we arrived at a contradiction with Lemma 2(e).
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