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OsszEFOGLALG Az ebjel nélkuli el$faja Stirling szamok altalanositasaval
a hianyos, dljel nélkuli el$faju Stirling szamokat és az asszocialtiigl
Stirling szamokat definialjuk. Tovabba vizsgéljukea szadmok néhany
alapveb tulajdonsagat.

ABSTRACT. We define two types of incomplete unsigned Siylnumbers of
the first kind, named as restricted Stirling nunsbef the first kind and
associated Stirling numbers of the first kind, leneralizing the (unsigned)
Stirling numbers of the first kind. We also invegstie some basic properties.

1. Introduction and Stirling numbers of the second Kkind

Denote{Z} the Stirling numbers of the second kind ([3]) etetined by

k
M= %;(—1)1' () a—r

([3]). In place of the classical Stirling numbe{%}, we substitute the restricted Stirling

numbers of the second kirﬁg} and associated Stirling numbers of the second {l%d :
=m z2m

respectively.
The restricted Stirling number of the second k{ﬁ@ gives the number of partitions of
=m

n elements intd subsets such that none of the blocks contain tharen elements (e.g. [5],
n

[6]). The associated Stirling number of the seckind {k}>m gives the number of partitions
of ann element set int& subsets such that every block contains at keastements ([2,
p.221], [3], [7]).

Some combinatorial and congruental properties eg¢emumbers can be found in [5], and
other properties can be found in the cited papkfs|o

The generating functions of these numbers are diyen

mk 71 o ) 1 m [l k
R R e
n=k k=0

and



10 T. Komatsu

S EE-e-Sh)

respectively. Since the generating functior{lg}‘ is given by
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In this paper, we define the restricted and asseti&tirling numbers of the first kind by
generalizing the (unsigned) Stirling numbers of finst kind, and investigate their basic
properties.

we have

2. Associated and restricted Stirling numbers of the first kind

Denote[Z] the (unsigned) Stirling numbers of the first kiadising as coefficients of the
rising factorial

x(x+1)(x+n—-1) =i[:]xk
k=0

In place of the classical (unsigned) Stirling nunsbef the first kinc{Z], we substitute the

(unsigned) restricted Stirling numbers of the fikstd [Z] and the associated (unsigned)
=m
Stirling numbers of the first kin({Z] . The associated Stirling number of the first kind
=2m

[Z] equals the number of permutations of aMs€fN| = n) with k orbits such that each
z2m

block contains at leagt elements ( [2, p.25&57], [7]). The restricted Stirling number of the
first kind [Z] equals the number that each block contains at madements.
<m

The geﬁerating functions of the restricted Stirlimgmbers of the first kind and the
associated Stirling numbers of the first kind akeeg by the following ([1, p. 467, (12.8)]).

Lemma 1.For k > 1 andm > 1, we have
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and
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Since the generating function brﬂ is given by
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we have

.., = el = i

The unsigned Stirling numbers of the first kind daa calculated by the recurrence

[ T=nlel+ 12 @

for k > 0, with the initial conditions

3=l = (9 =0

for n > 0. The restricted and associated Stirling numberghef first kind can be also
calculated by the relations. It is easy to seartiial conditions

o =1 and [g] =[7]. =0
[g]Zm =1 and [g]Zm = [Sle —0

forn > 0.

Proposition 1. For k > 0, we have

"L, Z(n ikl
[n:1M1i;;Jn;o!k—1ml

n—-k+1
! .
"= 2wl =l

both relations in Proposition 1 are reduced toitt > k + 2 and ifm = 1, respectively.

Remark. Since

The classical (unsigned) Stirling numbers of thlstﬂkind[Z] satisfy the identities:

[il=e-vu [ =1 [ 2] =G) [ 25] === () [ sl = () Q)
By the definition or Lemma, we have several basmpprties about the restricted Stirling
numbers of the first kind.

Lemma?2. For0<n<k—-l1lorn=km+1,we have[ZLm = 0.
Fork < n < km, we have{ZLm = Z] (k <n<m), [Z](m =1, [n n 1Lm = (TZL)
h n\ (m> 4) -
3n-1 M , (m=3) (4—)( )
[nEZLm :{ : 1$3) 3 [ 3Lm Jsm;s)( 5) m=3),

3(4)'(m=2) k 15() m=2)

mLm=Oh4M(1SnSm)
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By the definition or Lemma, we also have severaidagroperties about the associated
Stirling numbers of the first kind.

Lemma3.Fori1<n<m-—1,we have{Z] = 0. We have
>m

[ = G2y = () memen=)

0, (m=2Yy 0, (otherwise)
ny (n
1M (=) (()G) =D
6, 2<m<4,n=4)
n _13 (m=2n=4) n = _ _
0. (otherwise) k 0, (otherwise)
n] _ {(n -, (k=1
klsp =10, Q<k<m) "’
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