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ÖSSZEFOGLALÓ. Az előjel nélküli elsőfajú Stirling számok általánosításával 
a hiányos, előjel nélküli elsőfajú Stirling számokat és az asszociált elsőfajú 
Stirling számokat definiáljuk. Továbbá vizsgáljuk ezen számok néhány 
alapvető tulajdonságát. 

ABSTRACT. We define two types of incomplete unsigned Stirling numbers of 
the first kind, named as restricted Stirling numbers of the first kind and 
associated Stirling numbers of the first kind, by generalizing the (unsigned) 
Stirling numbers of the first kind. We also investigate some basic properties.  

1. Introduction and Stirling numbers of the second kind 

Denote S�TU the Stirling numbers of the second kind ([3]), determined by 

S�TU = 1T!W�−1�. XTYZ �T − Y�/[
\]G  

([3]). In place of the classical Stirling numbers S�TU , we substitute the restricted Stirling 

numbers of the second kind S�TU^_ and associated Stirling numbers of the second kind S�TU`_, 

respectively.  

The restricted Stirling number of the second kind S�TU^_  gives the number of partitions of � elements into T subsets such that none of the blocks contain more than a elements (e.g. [5], 

[6]). The associated Stirling number of the second kind S�TU`_  gives the number of partitions 

of an � element set into T subsets such that every block contains at least a elements ([2, 
p.221], [5], [7]).  

Some combinatorial and congruental properties of these numbers can be found in [5], and 
other properties can be found in the cited papers of [5]. 

The generating functions of these numbers are given by  

WS�TU^_
_[
/][

�/�! = 1T! b−1 +Wc[T!
_
[]G d[ 

and  
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W S�TU`_
e

/]_[
�/�! = 1T! bfg − W c[T!

_H-
[]G d[, 

respectively. Since the generating function of S�TU is given by  

WS�TU
e
/][

�/�! = �fg − 1�[T! , 
we have  S�TU^e = S�TU`- = S�TU. 

In this paper, we define the restricted and associated Stirling numbers of the first kind by 
generalizing the (unsigned) Stirling numbers of the first kind, and investigate their basic 
properties.  

2. Associated and restricted Stirling numbers of the first kind 

Denote i�Tj the (unsigned) Stirling numbers of the first kind, arising as coefficients of the 

rising factorial  

��� + 1�⋯ �� + � − 1� = Wi�Tj �[
/

[]G . 
In place of the classical (unsigned) Stirling numbers of the first kind i�Tj, we substitute the 

(unsigned) restricted Stirling numbers of the first kind i�Tj^_ and the associated (unsigned) 

Stirling numbers of the first kind  i�Tj`_.		 The associated Stirling number of the first kind  

i�Tj`_	equals the number of permutations of a set l (|l| = �) with k orbits such that each 

block contains at least a elements ( [2, p.256−257], [7]). The restricted Stirling number of the 

first kind i�Tj^_ equals the number that each block contains at most a elements. 

The generating functions of the restricted Stirling numbers of the first kind and the 
associated Stirling numbers of the first kind are given by the following ([1, p. 467, (12.8)]). 

Lemma 1. For T ≥ 1 and a ≥ 1, we have  

Wi�Tj^_
e
/]G

�/�! = 1T! �� + �>2 +⋯+ �_a 0[ 

and  

Wi�Tj`_
e
/]G

�/�! = 1T! �−log�1 − �� − � − �>2 −⋯− �_H-a− 10
[. 

Since the generating function of i�Tj is given by 

Wi�Tj
e
/][

�/�! = �−log	�1 − ���[T! , 
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we have  i�Tj^e = i�Tj`- = i�Tj. 
The unsigned Stirling numbers of the first kind can be calculated by the recurrence 

relation 

 i� + 1T j = � i�Tj + i �T − 1j (1) 

for T > 0, with the initial conditions 

i00j = 1 and i�0j = i0�j = 0 

for � > 0.	  The restricted and associated Stirling numbers of the first kind can be also 
calculated by the relations.  It is easy to see the initial conditions  

i00j^_ = 1   and   i�0j^_ = i0�j^_ = 0, 

i00j`_ = 1   and   i�0j`_ = i0�j`_ = 0 

for � > 0.	 
Proposition 1.  For	T > 0, we have 

i� + 1T j^_ = W �!�� − ��! i� − �T − 1j^_
_H-
.]G , 

i� + 1T j`_ = W �!�� − ��! i� − �T − 1j`_
e

.]_H- . 
Remark.  Since 

i� + 1T j^_ = W �!�� − ��! i� − �T − 1j = � i�Tj ,
/H[,-
.]-  

both relations in Proposition 1 are reduced to (1), if a ≥ T + 2 and if a = 1, respectively. 
 

The classical (unsigned) Stirling numbers of the first kind i�Tj satisfy the identities:  i�1j = �� − 1�!,  i��j = 1,  i �� − 1j = t�2u,  i �� − 2j = v/H-: t�3u, i �� − 3j = t�4u t�2u. 
By the definition or Lemma, we have several basic properties about the restricted Stirling 
numbers of the first kind. 

Lemma 2.  For 0 ≤ � ≤ T − 1 or � ≥ Ta + 1, we have i�Tj^_ = 0.	 
For T ≤ � ≤ Ta, we have i�Tj^_ = i�Tj �T ≤ � ≤ a�,  i��j^_ = 1,	 i �� − 1j^_ = t�2u, 
 i �� − 2j^_ = xv/H-: t�3u , �a ≥ 3�

3 t�4u , �a = 2� ,   i �� − 3j^_ =
yz{
z| t�4u t�2u , �a ≥ 4�
;�/,v�> t�5u,			�a = 3�
15 t�6u , �a = 2�

,  

	 i�1j^_ = �� − 1�!	 �1 ≤ � ≤ a�. 
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By the definition or Lemma, we also have several basic properties about the associated 
Stirling numbers of the first kind.   

Lemma 3. For 1 ≤ � ≤ a − 1, we have i�Tj`_ = 0.	   We have  

  i��j`_ = ~1, �a = 1�0, �a ≥ 2�,	 i �� − 1j`_ = �t�2u , �a = 1;a = � = 2�0,																				�otherwise� ,   

 i �� − 2j`_ =
yz{
z|v/H-: t�3u,					�a = 1�3,						�a = 2, � = 4�2,			�a = 2,3; � = 3�0,												�otherwise�

,   i �� − 3j`_ =
yz
{
z|t

�4u t�2u,												�a = 1�6,			�2 ≤ a ≤ 4, � = 4�20,										�a = 2, � = 5�15,										�a − 2, � = 6�0,														�otherwise�
,  

	 i�Tj`_ = ~�� − 1�!, �T = 1�0, �2 ≤ T ≤ a� 	. 
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