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OSSZEFOGLALO. Papkovich-Neuber tipusu reprezentacios képletet vezetiink le a
linearis rugalmassagtan Navier-Lamé egyenletének megoldasaira térbeli csillagszerii
tartomanyban. A kapott eredményt Osszehasonlitjuk a mar 1étezé6 hasonlo
eredményekkel.

ABSTRACT. We develop a Papkovich-Neuber type representation formula for the
solutions of the Navier-Lamé equation of linear elastostatics for spatial star-shaped
domains. This representation is compared to the existing ones.

1. Introduction

Papkovich-Neuber type formulae represent the solutions of the Navier-Lamé equation of
linear elastostatics via auxiliary harmonic potentials. This technique is also suitable for
generating solutions of the Stokes equations for the creeping flow of an uncompressible fluid.
It originates in the papers of Papkovich [6] and Neuber [4]. An important variant of this
representation was given by Kratz [2] for the Stokes equation, where the uniqueness of the
harmonic potentials in the representation was also proved. The Kratz representation [2] is valid
for general planar domains, but in the spatial case only for star-shaped ones. Another variant of
it can be found in [3] also for spatial star-shaped domains. In [8] the present author proved that
the representation formulae in [2] and [3] are equivalent, moreover, generalized them for the
Navier-Lamé equation of linear elastostatics. The representation formulae derived in [2] and
[8] solve the problem of eliminating the scalar harmonic potential from the general Papkovich-
Neuber representation in the special case of spatial star-shaped domains maintaining
simultaneously the completeness of the representation, see [5] and also the references given
there. Altough these formulae are ment to derive analytic solutions of the respective equations,
they can also be utilized in numerical methods, see for example [1].

In this paper we derive another representation similar to that in [8], Theorem 5.3 for a
modified Stokes type equation also equivalent to the Navier-Lamé system. The connection of
this representation to existing ones is also investigated.

2. Main result

In this paper we develop representation formulae for the solutions u € C?(Q) and g €
C1(Q) of the equation
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—Au =rotq and rotu = vgq, 1)
where ) is a spatial star-shaped domain with respect to the origin. (1) is similar to the system
—Au =gradp and —divu = vp, @)

which was (although not in this form) considered in [8]. Note that both (1) and (2) are equivalent
to the Navier-Lamé equation

A+ p)graddivu +uAu= 0 (3)
in linear elastostatics, where A and u are the Lamé constants. These constants satisfy usually
u>0and 1+ gu > 0, where the latter quantity is the compression modulus. In order to
establish the connection of (3) to (1) and (2) we have to set g = ;:—Zirotu andp = %div u,

A+2u

R —-_._E_' ~ _ _ .
respectively. We also have v = prwll (2)and v = Frwnke 1—=vin(1).

Theorem 1. Let Q c R™ be a star-shaped domain with respect to the origin, and set v € R,
7>0,7# i 1. The functions u € C2(Q) and q € C*(Q) satisfy (1) if and only if there exists
a harmonic function h € C2(Q) such that

u(x) = %V (x : ﬁ(x)) + %rot (x X ﬁ(x)) + (1 = 29)h(x), (4)
q(x) = —2roth(x) — 4V (x) (5)
for x € Q. The harmonic function h is unique and we have

2

h(x) = —(u(x) + ix X q(x) —

1-4v

1
4(1-v)

xdivu(x) + x X qu(x)), (6)
where the function ¢ is harmonic in Q and defined by

$(0) = = [) t7x - qtx) dt. )

PROOF. We need the following identities, where we assume the existence and continuity of the
involved scalar and vector valued functions. These are the same identities used in [2] and [8].

xdivu + x Xrotu = u+ V(x-u) + rot(x X u), (8)
—Au = =V divu + rotrotu, 9)

div(x X u) = —x - rotu, (10)

div(¢px) =3¢ + x - Vo, (12)

rot(¢px) = —x X V¢, (12)

rot(x X V¢) = =V(¢ + x - Vo) + xAg, (13)
V(r2¢) = 2¢x + r2Ve, forr = |x|, (14)

A(x-u) = x-Au+ 2divu, (15)
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A(x Xu) = x X Au+ 2rotu, (16)
A(px) = xA¢p + 2V, @17
A(x X V) = x X VA¢. (18)

From the expression (7) of ¢ we obtain setting k(x) = x - g(x) with integration by parts that
10t 1Y _d
x V() = — f £ - (VE) (t) dt = — f 97 £ (k(tx)) dt
4 ), 4),  dt

1
- _%[twk(tx)](l) + %f 45t 1k (tx) dt = —%x q(x) — 4V (x).
0

Hence, the function ¢ defined by (7) satisfies the equation
417¢(x)+x-V¢(x)+§x-q(x) =0. (19)

Taking the divergence of the second equation of (1) gives divg = 0 in a view of ¥ > 0.
Moreover, by (1) and (9) we have Aqg = —rotrotq = rot Au = Arotu = ¥Aq, which means
Aq = 0 using ¥ # 1. This implies by (15) that Ak = x - Aq + 2divg = 0 and

1

Ap(x) = —%f t*V*2(Ak) (tx) dt = 0.

0

That is, the function ¢ is harmonic. Note also, that ¥ > 0 is sufficient for the integral in (7) to
be well defined.

First assume, that u and g are given by (4) and (5) with harmonic h and ¢. Using the
identities (9), (15) and (16) along with (19) there follows

1 - -~ 1 - - -
—Au = —EV(x-Ah +2divh) —Erot(x X AR + 2roth) — (1 — 29)Ah
= —Vdivh — rotroth = —2rotroth = rotq,
1 - - -
rotu = E(V div(x X h) — A(x X h)) + (1 —2¥)roth

= —2¥roth + %v (x - (~2roth)) = (g + 4V¢) + %V(x - (q + 4V¢))

=vq + V<417¢(x) +x-Vop(x) + %x . q(x)) = 7q.

Hence u and g satisfy (1).
In the opposite direction, we assume that u and q satisfy (1). For the calculation we use
repeatedly
Vdivu = Au + rotrotu = —rotq + rotvig = —(1 — V) rotq
as a consequence of (1). By A¢ = 0 and (16) we have A(x X V¢) = 0 and

_ 1
= ~A(x x q) —
Ah <Au + : A(x X q) 2

T ﬁA(x divu) + A(x X ng))

1
1— 47 (1-79)

2 1 1 _ 3
=T 5 <—rotq +§rotq —m(xdlvrotq -2(1 —v)rotq)) =0,

<

2 1
= <—rotq+Z(x><Aq+2r0tq)—4 (xAdivu+2Vdivu)>
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that is, the function i defined by (6) is harmonic. We calculate by (8), (12), (13) and (19) that

~ 2 5 1 _ _
roth—1_4ﬂ<vq+z(xd1vq+xxrotq—q—V(x q))+mxdelvu
+(—V(¢+x-V¢)+qub))
-2 v +1 X rot ! 1V( ) X (1 —7)rot
T gy \VI T T VU T ¥ vorotq
V(g +xV9) | = e [ v( bVt )
P+x-VP) | =T—=\—7 1 p+x-Vp+ox-q

1
=—3q-2V¢.
From this we obtain (5) by rearrangeing. We also calculate by (10) and (11) that

= : 1 : :

dlvh—l_4ﬁ<dlvu—1x rotq—m(3dlvu+x levu)>
2 -4 1 . Y= (1 — 7 rota)
B AV T R R T C ) vITord
=mdlvu.

We compose the expressions for rot & and div i as
1 - - 1
E(xdivh+x><roth)= xdive —2x X q—xxVé.

On the other hand we have by (6) that

1
4(1—79)

(%—Zﬁ)ﬁzu+%x><q—ﬁxdivu+xxv¢.

Adding the latter two expressions and using (8) there follows

1 ~ 1 - -~ 1 ~ ~ 1 ~

EV(x . h) +Erot(x X h) + (1 -2V)h = E(xdivh +x X roth) + (E_ 217)h =u,
that is, we have obtained (4) as intended.

Finally we prove the uniqueness of the harmonic function & in the representation (4).

Assume that the expression (4) for u is valid for two harmonic functions k, and h,. Subtracting
these two expressions and setting A = h; — h, gives

2V(x-R) +3rot(x x B) + (1 - 29)h =0 (20)

for the harmonic function h. Taking first the divergence and then the rotation of (20) gives
1 - - ~
0= EA(x h)+ (1 =29 divh =2(1—7P)divh
and
1 ~ - 1 - 1 - -
0= Erotrot(x X h)+ (1—2¥)roth = EVdiV(x X h) — EA(x X h)+ (1 —2¥)roth

1 - - ~ 1 ~ ~
= —EV(x . roth) —roth+ (1 —2V)roth = —E(4l7roth + V(x . roth)).

The first equation implies div A = 0 by ¥ # 1, while from the second equation we obtain
49 x roth+ x - V(x : rotfl) = 0.
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This equation is very similar to (19). Its solution is x - rot h = 0, which we substitute into the
second of the latter equations. There follows

Proth =0,
which implies rot A = 0 by ¥ > 0. Comparing (8) and (20) gives

1, - - ~ 1 -
—E(—h+xdivh+x><roth) +(1-2V)h = (E—Zﬁ)h,

which on the other hand implies A = 0 by ¥ # % Hence we have uniqueness for the harmonic
function A in the representation formula (4). ]

Remark 1. The Lamé constants usually satisfy u > 0 and 1 + gu > 0, which mean % > — 2

This implies 1 < ¥ < 4 for the parameter v = );—2: in Theorem 1. Hence, the assumptions for

the parameter ¥ in Theorem 1 are satisfied for every pair of Lamé constants.
Remark 2. An analogous representation for the solutions of (2) in [8] is
u(x) = —%V(x -h(x)) — %rot(x X h(x)) + (1 — 2v)h(x), (21)
p(x) = 2div h(x), (22)
where the unique harmonic function h is defined by

1
4(1-v)

h(x) = —— <u(x) +2p(0)x x X rotu(x) + x X v¢(x)> (23)

with Y (x) = — ﬁfol t*A=Vx - rotu(tx) dt. If we compare this definition of i to (7) and

we also take into account ¥ = 1 — v and the second equation in (1), then we can conclude that
in fact Y = ¢. Moreover, comparing this with (1), (2), (6) and (23) gives

h(x) = —h(x) + —x x q(x).

Hence the representation for solutions of (1) is in fact the same as the representation in [8],
Theorem 5.3 for solutions of (2).

Remark 3. Theorem 1 of this paper (along with the related Theorem 5.3 in [8]) solves the
problem of eliminating the scalar harmonic potential from the general Papkovich-Neuber
representation for the solution of the Navier-Lamé equations in spatial star-shaped domains.
Decesive in this regard is the solvability of equation (19) for star-shaped domains by the
harmonic function (7). For the elimination of the scalar Papkovich-Neuber potential a very
similar equation is considered in [5], Section 3, see equation (3.1) in [5].
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Remark 4. If we impose a homogeneuous Dirichlet boundary condition on the function u in
(1) and (2), then we can interpret these as eigenvalue problems for the Schur complement
operators

Sgiv = —div(—A™)V and 8., = rot(—A Drot

connected to the Stokes problem on a spatial star-shaped domain. They were studied for

example in [7], see also the references given there.
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