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OSSZEFOGLALO. A természetes szamok részhalmazainak silyozott siiriségeinek vizsgalatakor
gyakran dolgozunk A = [ J°°; ((¢, d,] NN), alaki blokkszerkezet(i halmazokkal, ahol (c;,) és
(dy) egész szamokbdl all6 sorozatokra teljesiil, hogy 0 < ¢, < d;, < Cpy1.

Ebben a cikkben azt vizsgaljuk, hogyan lehet tetsz6leges alsé és felsd stlyozott stirtiségii halma-
zokat definidlni, milyen kapcsolat van a blokkok mérete és a sulyozott stiriség kozott, és hogyan
alkalmazhat6 a Cesaro—Stolz-tétel a stlyozott siiriségek kiszamitasara.

Vizsgéljuk tovabba az f(n) sdlyfiiggvény és az f*(n) = f(n)/(f(1) + --- + f(n)) dltal

o

meghatarozott stirtiségek kozotti kapcsolatot a blokkszerkezetti halmazok esetében.

ABSTRACT. When studying the weighted densities of subsets of the natural numbers, we of-
ten work with block-structured sets of the form A = (52 ((¢n, dn] N'N), where the integer
sequences (cy,) and (d,,) satisfy 0 < ¢, < dy, < Cpy1-

In this article, we examine how to construct sets with arbitrary lower and upper weighted den-
sity, the relationship between the size of the blocks and the weighted density, and how the
Cesaro—Stolz theorem can be applied to compute weighted densities.

We also investigate the relationship between densities defined by the weight function f(n) and
f*(n) = f(n)/(f(1)+---+ f(n)) in the case of block-structured sets.

1 Introduction

Let N = {1,2,3,...} be the set of natural numbers. In the quantitative characterization of
the size of subsets of natural numbers, one of the most natural and commonly used tools is the
asymptotic density.

Definition 1. Let A C N, and denote A(n) = |{a € A : a < n}|. Then the values

d(A) = lim inf An) and d(A) = limsup A(n)

n—o0 n n—00 n

are called the lower and upper asymptotic density of the set A, respectively. If d(A) = d(A),
then this common value is the asymptotic density of the set A [6].
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Denote by x 4 the characteristic function of the set A, that is

(n) 1, if neA,
n)=
x4 0, if neA

We call a function f: N — R™ an Erdés—Ulam function if it satisfies f(1) = 1,

> fn) = o,

and
li_)m f*(n) =0, where f*(n)= nf(n) . (1)
o > S0)

Using an Erd6s—Ulam function, we can define an Erdds—Ulam density as follows.
Let f be an Erd6s—Ulam function. For any A C N, let

Fa(n) = ,  where Af<n>=Zf(j>-xA(j>, Nf<n>=Zf<j> [2].

Obviously, for every n € N, 0 < Fa(n) < 1.
Let o
d¢(A) =liminf F4(n) and d;(A) = limsup Fa(n)

— n—00 n—o00

be the lower and upper f-density of the set A [1]. It is obvious that
0 < df(A) <dp(A) < 1. )

If df(A) = ds(A), then the set A possesses an f-density, which we denote by d(A).

The asymptotic density corresponds to the choice f (n) = 1, while the logarithmic density

corresponds to the choice f(n) = <.

For any Erd6s—Ulam function f, the f-density of finite sets is 0, while that of sets with finite
complement is 1. The other subsets of natural numbers can be written in the following form

[3, 41.
Definition 2. Let (¢,) and (d,,) be sequences of integers such that
0 S Cp < dn < Cp41-

Let -
A= ((en,d] NN). 3)
n=1

The Erdds—Ulam density of certain sets given in the form (3) can be computed using the
Cesaro—Stolz theorem [5].

Cesaro—Stolz theorem. Let (a,,) and (b,,) be real sequences such that
(1) 0<by <by<...andlim,, o by = 00,

(i) lim,, o 251202 — | € R,
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Then lim,,, o 3= = k.
m

If we substitute sequences of the form a,,, = an:1 Qpy, by = 2;":1 5, into the theorem,

we obtain the following theorem which is more suitable for us.

Corollary 3. (Cesaro-Stolz theorem [5, page 42].) Let (v,), (B3,) be sequences of positive real
numbers such that

> B = oo,
n=1
and o
55, =k
Then -
lim 2=t
m—00 anl B
The following two lemmas present the property of sets of the form (3) that the index sub-

Ag(cn)
. . . N.f(c") . .
sequence, and the index subsequence belonging to the limit superior is a subsequence of the

(d,,) sequence.

sequence belonging to the limit inferior of the sequence < ) is a subsequence of the (c,)

Lemma 4. Let A C N. Then for every natural number n > 2

e ifn € A, then Ag(n) > Ag(n — 1)

Nyn) = Nyt 1)
g Ay(n) _ Agn 1)
i A the Gy < Ryfa— 1)

Proof. Letn > 2andn € A. Then A¢(n) = As(n — 1) + f(n), therefore

Af(n) _ Af(n — 1) + f(n) > Af(n— 1)
Nf(n) Nf(n—l)—i—f(n) - Nf(n—l)

Now let n > 2 and n ¢ A. Then Ay(n) = Ag(n — 1), therefore

As(n) _ Asn—1) _ As(n—1)
Ny(n) — Ny(n) = Ny(n—1)

Corollary 5. Let A be a set defined in the way (3). Then

i ing A (en) A — 1 As(dn)
ﬂ<A>_h¢?_l>l£fW and df(A)—thﬁsolipW.

2 Results

In the following theorem, we give a condition under which the index sequence belonging to
Ag(cn)
N¢(cn)

the limit inferior of the sequence ( ) , respectively to the limit superior, coincides with the

(¢n), respectively (d,,) sequences.
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Theorem 6. Let A be a set defined in the way (3). If

{JE&(N}C(C”H) —Ny(en)) =00 and nh—>nolo Niléiijj)__l\g;fi) - O‘a}

( lim (Ny(dnt1) —Ng(d,)) =00 and lim Ny (dni1) = Ny(eni) _ ﬁ,)

then
) = J 725 = |
(0= 775 =)

Proof. The statement can be proved directly using the Cesaro—Stolz theorem. Define the

Bn = Nf(cn—i-l) - Nf(cn)7 B;l = Nf(dn—H) - Nf(dn)a
= Ny(da) = Ny(ea), 0y = Ny(dnir) = Ny(ensn)

sequences. Apply the Cesaro—Stolz theorem to the sequences («,), (53,), and (o)), (/3)), from
which the statement follows immediately. [

Remark 7. If N ( )N ( )
lim ) —
n—oo Nf(dn) - Nf(dn—l)

then in the previous theorem o = f3, that is

=1,

dy(A) = dy(A).
In the following theorem, we provide a method for constructing sequences (c,,) and (d,,)

that define a set with a prescribed lower f-density o and upper f-density .

Theorem 8. Let [ be a non-increasing Erdds—Ulam function and 0 < o < 3 < 1. Define the
set

A:

(@

((Cn7 dn] m N) )

n=1

where the sequences (c,,) and (d,,) are constructed as follows. Let i: N — R be a function such
that lim,,_, i(n) = oo (e.g., i(n) = n). Let ¢; be an arbitrary positive integer. For eachn > 1:

o If 8 < 1, then

dn:min{kEN:Nf(k:)> 1:;Nf(cn)}. 4)
o If B =1, then

d, =min{k € N: N¢(k) > i(n) N¢(c,)}. 5)
e Ifa >0, then

cn+1:min{k€N:Nf(k)>ng(dn)}. (6)

e I[fa =0, then
Cnp1 = min{k € N:Ng(k) > i(n)Ns(dy,)} . (7)
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Then, the set A satisfies
dy(A) =a and ds(A) = 8.
Proof. We proceed by considering the different cases based on the values of « and /3.
e Case § < 1. By 4)

1-— 1-—
—5Nf(cn) < Nf(d ) < WNJC(C”) + f(d -+ 1)
Since (1) and f is non-increasing
11—«
Nf(dn) - 1— ﬁ (Cn) + O(Nf(cn)). (8)
— Subcase o > 0 (then 3 > 0). By (6)
ON () < Nylenen) < ONG() + Flewn + 1),
giving
Ny(ensn) = DNy (d,) + o(Ny(d). ©
From (8) and (9)
11—«
Nf(dn—i-l) 1_ BNf(Cn-H) + O(Nf(cn—i-l))
l—a B
= —N¢(d, N(d,)),
= 15 Ny () + o(N(d,)
B 11—«
Nylenr1) =~ 1= BNf(Cn) + o(Ny(cn))-
Then ws 8
i M) = Ny(Cnr) _ o 155e —a T
n—oo Nf<dn+1> — Nf(dn) n—00 }:_045 —14o0(1) ’
and . 0
d) — =2 —1+o0(1
lim Ny (dn) = Ny(cn) zlimllﬁﬂ = a.
n—00 Nf(cn—l—l) — Nf(cn) n—00 ﬁ E = 1+ 0(1)
— Subcase a = 0. By (7)
fim rdn)
n—o0 N¢(cpy1)
Then N (dy) — Ny(cn) Ny(dn) _ Ny(en)
lim T S gy Hrlee) o) (10)
n—oo Ny(cpq1) = Np(e,)  nooo 1 Nylen)
Ny(en+1)
From (8) forn + 1
lim Ny(dnt1) — Ny(cni1)
n—o0 Np(dnt1) — Ny(dy)
Nfidn_‘_lg .
T Nf Cn+1
=0 ay W@
Nf(ent1)  Ng(ens1)
l—a 11 o(1
= Jim = ==
"TE T Ny T O
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e Case f =1. By ()

lim Ny (cn)

= 0.

Then

_ Nylent1)
n—0oo Nf(dnJr]_) — Nf(dn) n—oo | _ Ny (dn)
Ny (dn+1)

=1.

— Subcase a > 0. From (6)

Ny(enn) = Ny (da) + o(Ny ).
Then

lim Nf(dn) - Nf(cn)
n—eo Nf(cn—i—l) - Nf(cn)

_ Ng(en)

_ T Ny (dn)
= M e Ny
Ny¢(dn) Ny (dn)

. Ny (cn)

— hm 1 Nf(dn)

n—oo B Ny(en) B
— E_N;(dn)—{—o(l)

— Subcase o = 0. Then (10) holds.

In all cases, the conditions of Theorem 6 are satisfied, completing the proof. [
In the following lemma, we give a precise condition for the existence of f-density.

Lemma9. Let A C Nand f be an Erdos—Ulam function. The set A has f-density exactly when
there exists a sequence (i,,) of natural numbers such that

(i) foreveryn € N, 1,, < 1,41,

(i) Timinf 22 _ gy Arliz-t),
n—»00 Nf(n) n—00 Nf(z2n71)
(

e 1 Ags(n) . Ag(ion)
i7i) limsu = lim —
() ISP Ry (n) ~ 50 N (72)
. . Nf<in+1)

(iv) lim ————= = 1.

Proof. 1f ds(A) = d(A), then let the sequence i, = n (n = 1,2, ...). Then properties (i)-(iv)
obviously hold.

Let (i,,) be such a sequence that properties (i)-(iv) hold

et Np(n) ~ nte Ny(iag) — mooe Ny (izn)

ds(A) = limsup Arm) _ lim Ay (izn) < liminf Aplign-1) + Ny(izn) — Ny(ign-1)

< liminf (M v1- M) — d;(A).
(Zzn—l
dy

n=eo \Ng(izn-1) Ny (ian)

From which it follows that d(A) (A). O
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In the following, we examine what value the lower and upper f-density takes for sets of the
form (3), if it does not have f*-density.

Lemma 10. Let f be an Erdés—Ulam function. If for some sequence of integers (i)

lim inf —Nf* (int1)

>1,

then .
lim Nf (Z7L'+1) _

Proof. We can write the following inequality.

In+1

Nf* (in—l-l) Nf* Zn

kz+1

< Ny (i) + y f<k_)

_ Nf* (@n) + Nf(in-i-l) - Nf(in) '

Nf (171)
From this, it directly follows that
Ny (ip41) . .
—————> > N (pr1) — Np(2,,). 11
Ry 2 NasCinn) = Ny (i) an
According to the condition, there exist 6 > 0 and ny € N such that

N * bm
Lfl) >1+6 forevery m > ng.
Nf*(zm)

From this it follows that
Nf* (im—i—l) - Nf* (@m) > 5Nf* (Zm)
According to inequality (11)

Nf(ierl) . . .
——————= > N (2 — Ny (2,,) = ON e (4, ).
o) 2 Ny (i) = Ny-(in) 2 NG
Since N« (4,,) — 0o (as m — 00), therefore
lim supw = 0. [
n—00 Nf@ﬂ)

Theorem 11. Let f be an Erdés—Ulam function, and let (i,,) be a sequence of integers such that

lim inf M
n—oo Nf* (Zn)

Let L, H C N be sets that possess f-density and satisfy d;(L) < ds(H). Define

> 1. (12)

||C8

< ZQn 171271 ﬂH) ((i2nai2n+1] N L))

Then
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Proof. Based on the definition of set A

Aplizn) — Aylizn—1) = Hp(ign) — Hy(i2n-1)-
According to Corollary 5

— . Ay (ign)
d¢(A) = limsu .
f( ) n—>oop Nf@?n)

Af(ign-1) + Hp(izn) — Hy(inn-1)

= limsu ,
n—>oop Nf(ZQn)

— Yim sup (Af(lén—l) Nf(iz.n—l) n Hf(l:%) B Hf@n—l) Nf(ign—l)) '
n—soo \Njf(izn—1) Np(ion) — Np(ion)  Np(izn-1) Np(izn)

Based on (12) and Lemma 10

f Nelinc) _
n—00 Nf(zn)
Hence, it follows that (122)
df(A) = lim ————= =d¢(H).
A) = Jim e = dy ()
Similarly, it can be proven that
Al
de(A) = lim Alians1) _ ds(L).

3 Conclusion

In this article, we examined certain properties of sets of the form (3) with respect to Erd6s—Ulam
densities.

In Theorem 6, we determined the f-densities of sets defined by sequences (c,) and (d,,),
and provided a condition for the existence of the f-density. Using Theorem 6, we then defined
a method that constructs a set A C N forany 0 < o < < 1 such that ds(A) = « and

dy(4) = 5.
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