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CONVERGENCE IN NORM OF THE FEJER MEANS ON R*t
WITH RESPECT TO WALSH-KACZMARZ SYSTEM

KAROLY NAGY

ABSTRACT. In this paper we prove that the Fejér integrals of an integrable
function f defined on R* converges in norm to the function itself.

Let denote by Zs the discrete cyclic group of order 2, that is Zs = {0,1},
where the group operation is the modulo 2 addition and every subset is open. Haar
measure on Zs is given in the way that the measure of a singleton is % Let G be the
complete direct product of the countable infinite copies of the compact groups Zs.
The elements of G are of the form x = (xg,z1,...,zg,...) with z, € {0,1}. The
group operation on G is the coordinate-wise addition, the measure and the topology
are the product measure and the topology. G is a compact Abelian group, called
Walsh group.

For k € N and x € G denote r;, the k-th Rademacher function:

ri(x) = (=1)%*.

Let n € N, n can be written in the form n = Y ;- n,;2%, where n; € {0,1}, that
is, n is expressed in the number system based 2. Denote by |n| := max{j € N :
n; # 0}, that is, 2"l < p < 2171+ We define the Walsh-Paley system as the set of
Walsh-Paley functions:

o0

|n|—1
wn(@) = [ @)™ = (@)~ ™ (2 € G, e N).

k=0

The Walsh-Paley system can be given in the Kaczmarz enumeration as follows:

|n|—1 .
() = 4 (1) [T (g (@)™ = () (1) 2650 aint s,
k=0

for x € G, n € P, ko(x) := 1(x € G). Define the norm of = € G by

|zlle = @27
neN
The Fine’s map x — ||z||¢ takes G onto [0,1), the Haar measure to Lebesgue
measure on [0,1), and is 1 — 1 off a countable subset of [0, 1).
The Walsh system in the Kaczmarz enumeration was studied by a lot of authors.
A.A. Sneider [10] showed that for the Dirichlet kernel of Walsh-Kaczmarz system

Du(#) > € > 0 holds a.e. L.A. BalaSov [1] constructed

logn

the inequality lim sup,,_,
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an examples for divergent Fourier series. On the other hand F. Schipp [6] and
Wo-Sang Young [12] proved that the Walsh-Kaczmarz system is a convergence
system, V.A. Skvorcov [9] proved for continuous functions f, that the Fejér means
of f converges uniformly to the function f itself. G. Gat [3] proved for integrable
functions f, that the Fejér means converges to the function f a.e. and the maximal
operator of Fejér means is of type (q,q) for all 1 < ¢ < oo and weak type (1,1).
G. G4t and K. Nagy [4] proved that the maximal operator of Fejér means is of type
(H,L).

F. Schipp, W.R. Wade, P. Simon and J. P&l [7] showed the following. Let
f € LY(R"), the Fejér means of f with respect to generalised Walsh-Paley system
converges in L'-norm to the function f. In this paper we prove the same result for
the generalised Walsh-Kaczmarz system.

Let F denote the set of doubly infinite sequences

{tn:neZ}
where , = 0or1 (n € Z) and lim x, = 0. The group operation on F let be
n——oo

the coordinate-wise addition by modulo 2. (F,+) is an Abelian group. The norm

ofz=(r,:n€eZ)eFis
2l = @27

neZz
There is a unique Haar measure p on F for which the measure of the unit ball is
1. The Fine’s map z — ||z|| takes F onto R™ :=[0,00) and is 1-1 off a countable
subset of F. (The set QT := {p2? : p € N, q € Z} represents the diadic rationals in
R™ and every point in QT has two preimages in F.) At any rate, the Fine’s map
allows us to identify F with R*. Define the integer part of an x € F by

[] == (..., 2—2,2-1,,0,0,...)
and the fractional part of x by

{z}:=(...,0,0,,z0,21,...).
Thus ||[z]]| is an integer in RT and 0 < |[{z}|] < 1 for each z € F, we shall also
denote these corresponding numbers in R™ by [z] and {z}, if no confusion arises.
For x # 0 let

|z| := max{n € N : z_, # 0},
that is 2/#1=1 < [2] < 2*I. Denote {1, : y € F} the set of the characters of the
additive group (F,+). The characters can be generated in the following way. Set

Uy(a) i= () Tevimr 20
for each z,y € F. Fix an n € N and set
Xn () := kin(x — [z]) for all z € F.
Define the generalized Walsh-Kaczmarz functions by the equation
Xy (@) = X[ (@)x[2) () (2,9 €F).
Let the transformation 7,: F — F be defined by
Ty(®) = (oo T = 1, T 1, T2, -+ o T[] 55T|y|—1> Ty =25 - - > L1, TO5 Tfy[5 - - - )

where (z,y € F) (and two commas show the “centre” of the sequence).
We have

Xy(®) = Xy (@)X(2](Y) = Y (79 (%)) Y10 (72 (y))
Vi) (Ty (2) V17, (21 (y) = Yy(7y(2))

for all z,y € F.
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It is sometimes convenient to work on R instead of F, the Fine’s map takes
Haar measure u to Lebesgue measure on R, the characters of F to generalized
Walsh functions on R*. We can leave all notation the same. It is easy to see that

Vr(x) = wi(z) and xi(z) = ki (2)
for k € N and = € [0,1), where wy denotes the k-th Walsh-Paley function and
ki denotes the k-th Walsh-Kaczmarz function. The functions {t¢; : j € N} and
{x; : j € N} form a complete orthonormal system in each interval of the form
k,k+1), k =0,1,.... For z € [k,k+ 1) we have ¢;(z) = wj(z — [z]) and
X;(x) = k;j(x —[z]) 7 € N. That is ¢; ( x;) is a periodic extension of w; (x;) from
[0,1) to RT.
Define the generalized Dirichlet kernel, the generalized Fejér kernel by

DE) = [ ayfade, Kit)= 1 [ Dpta

for t,y,u € R and a = ¢ or .
For t =n € N, the generalized Dirichlet kernel is a zero extension of the Walsh-
Paley (Walsh-Kaczmarz)-Dirichlet kernel outside [0, 1), namely

n—1 n—1
=0 Y 0<y<l oK 0<y<l1
O G B A e

(The generalized Fejér kernel is not simply a zero extension of the Walsh-Fejér
kernel.) For each f € L'(RT) we introduce the Walsh-Fourier transform, the
Walsh-Dirichlet integrals and the Walsh-Fejér integrals by

() = / " f@)ay @), (57 f)() = / F Wy (@)dy, (g2t > 0)

(020)a) = [ (SEN@ (wa>0)

where o = 1 or x. By definitions and Fubini’s theorem we have
Sif=f*Dy, o f=f*Ky.

Introduce some useful notation, set

Jolt) =t — ], T() ::/OXl(x)dx (leP,tcRY)
and

I () = /Ot Ji(z)dz (1€ N,te0,1)),

extend the Jz(2) to R* by periodicity of period 1.

Lemma 1. For each u,y > 0 holds the following equation
[u]—1
ukCX(y) = Z (D) + k@I W) + (w = [ DY () + X1 ()T ().
Proof. Consequently, by definitions
[t]-1 t

k+1
DX@) = 3 / Xo(@)dy + / Yo(@)dy
k=0 /F [t]
[t]-1

1 t—t]
= I;) Xk(ﬂﬁ)/o X[m](y)derX[t](l“)/O Xo] (v)dy

= D[’g] (@) + X (2) I [z (2)
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for t,z € RT and
[u]-1 I+1 u
ui) = Y [ Diwat+ [ DX
1=0 7! [u]
for u,y € R*. These imply that

u

| DR = (0= DDy ) + x5 @)

and
I+1 I+1
l Dif(y)dt = l Dy (y) + X1 (9) Iy (t)dt
141 -1 1 I+1
= [ X 0 [ xdsdtea) [ 30
| 0 !
= DX +x)I ).
This completes the proof of Lemma 1. O

Lemma 2 (V.A. Skvorcov). There exists a constant C > 0 such that
IKSlh <C (neN).
Lemma 3. There exists a constant C' > 0 such that
IK¥h <C, (u=1).
Proof. It follows from Lemma 1 that
KX < 1Ky )]+ B0+ 12D )| + 138w (u> 1,y € RY)
By Skvorcov’s lemma, there exists a C' > 0 such that
Kyl <C (u>1).

By the fact, that for integer values of ¢, the generalized Dirichlet kernel D} is a
zero extension of the Walsh-Kaczmarz-Dirichlet kernel outside [0,1), we have that

1
X
HaD[u]” <1

Let 2" <1< 2"l t € R* and denote ¢ := {t}, by definitions

n = [ le)dz = / Y @ = ! t xil@)de

% tn_1
[¢] Tt

t

— (_1)22;}%?”71%/? . (—1)™dz
Lyoqpinot

_ %0 {nf 1 fn tn fn+ 1 ¥n+2
= x1(5+~~+ on ) [2n+1 +(=1) <2n+2 tons T )|

Consequently,

T <2
for2n <l < 2! neNandteRT.
Investigate the second integral Jl(2)(1). Let | = 2"
1
2 ()] < / 30|t < 277,
0
andlet [ =2"4+2" 4+ k (0<m<n, 0<k<2m)
2
370) =
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1
st t t t

— l; jtn— +tn—1-m n tn n+1 n+2

_ /0 NPTRA [2n+1+(—1) (2n+2+2n+3+...>}dt

= Y ity | _n Cvtn [(Ind1l | Tag2

a /{a:E[Ol T 1= (Q e {Qnﬂ +(=1) <2n+2 * on+3 o))t

o ST it | tn iyt (It tns2
/{xe[o,l):xnm(l_ll}) = |:2n+1 +( 1) <2n+2 + on+3 o dt

— 0.
Therefore
(@) > ) — [ @
pE@n = [ o= [ aP oY [P o
i=1"v"?

IN

1|« 3
- 2—7L - _
Last, we have to see the L'-norm of %Jﬁ)(u) for u > 1.

1 (2) 1 [ o 1 [ o
- |J (u)ldy = — [ [Jg ' (u)ldy+— [ [J5 (u)|dy
0 u U Jq

U
1

7[1 3 w)ldy = F1(u) + () + Ls(w).

u

+

Using the periodicity of J 62), it is easy to estimate the first integral

(u — [u])?

<
2u -

u=ul u — [u])?
JE)Z)(U) = /0 t— [t]dt = %, and I (u) = %

for u > 1.
Similarly, the second integral Iy(u) < c.
Now we will estimate the third integral I3(u). Let [ := 2™, by the periodicity of

J 1(2) and by the inequality on J; we conclude that

u—[u]
133 (u)] = /O 27ndt < 277,

Let [ := 2™ + 2™ + k, where m := min{i : [; # 0} and 2™ < k < 2" — 1. Set
2= (...,0,0,20, 21, - - s Znem—250, Znm> Znemi1s )

and

zn = ( .. 707()’ 2052153 ”n—m—2, 1a Zn—ms An—m-+1; - - )

for any z € [0,1).

NS Lttt | b0 e ((Ina1 | Bngo
/I ( 1) j=m+1"J 1—j 1 |:2n+1 +( 1) <2n+2+2n+3+“' dt

-m(29)
[ CyEmaetn e o (s )
() 2t e
= 0.
That is

/ J(t)dt = 0
In—m(zo)UInfm(Zl)

for any z € [0,1). Therefore

I () = /O “ 0yt = / ! 3.(t)dt

o Up—m—1
o I
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72 (u)] < 272~ (=)

where @ := {u}.

2n+1

AL@ W—Z/ (w)ldy
o0 2"+ 2" +k+2
- > u@|@+§j/ %) (w)dy
n=2"2" {kikg=0} ¥ 2"+ 14k
2"+2 +k+1
+ 3 / I (w)ldy + ...
{kiko=k; =0} ¥ 2" +2!+k
2n4on k4l (2)
" / 1) ()l dy]
2n4on-1qk

{k: klfo 1<n—1}

—[1 11 11 11
< - 277, 1 - 277,72 . 7720
n 1<x n <
= c+ = — <c
2 2n =
n=2
The proof is complete. O

By standard argument the following theorem holds.

Theorem 1. For every f € L*(R™) holds

[1]
2]

(10]

[11]

(12]

lim [lof = flly = 0.
U—00
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