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ON THE MAPPINGS OF ELLIPTIC CURVES DEFINED
OVER Q INTO [0,1)?

ZOLTAN CSAJBOK

ABSTRACT. Let E be an elliptic curve defined over Q given by an affine
Weierstrass equation of the form
(1) E:y*=a234azx+0b (a,b € Z,z,y € Q).

Reducing the elliptic curve (1) modulo a sufficiently large prime p, we
obtain an elliptic curve E'p over F,. Considering an infinite sequence of
elliptic curves E’p, we map the point (x,y) of them into the unit square
z Y
p’p)’

We prove that the obtained cumulative point set contains a point se-
quence aligning a line when F/Q has an integral point, and point sequences
aligning lines of well defined number when E/Q has a rational point. In both
cases, these lines contain infinitely many points being strictly monotone in-
creasing or decreasing according to the Lo, norm, and these monotone point
sequences converge to well defined points.

[0,1)? via the mapping (z,y) — (

1. INTRODUCTION
Let E be an elliptic curve defined over QQ given in Weierstrass normal form
v =2"+ax+b (a,b€Z,x,ycQ,da® #27b%).
If the prime p is sufficiently large, then its reduction modulo p
v =a>+ar+b (EL,B,:{:,y elF,)
is also an elliptic curve Ep dfﬁned over the finite field IF,, With p elements.
The finite abelian group E,(F,) of F,-rational points of E, has size

#LE(Fp) =p+1—a
where |a,| < 2,/p according to the Hasse-Weil theorem ([4], Chap. V, Theo-
rem 1.1).
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The elliptic curve group E(F,) can be studied at fixed p and varying E, or
conversely, at fixed F and varying p. If we fix p and vary E, then there are
only finitely many curves E over I, up to equivalence, and Deuring’s theorems
contain detailed information of these curves [2].

It is much less known, however, the converse case, i.e., when FE is fixed and
p varies.

Our approach to this problem is that we normalize the IF,-rational points
of Ep simultaneously for all sufficiently large primes p, mapping them into the
unit square. In this paper we will study this normalized cumulative point set.

We prove that

e if £/Q has an integral point, then there is a line corresponding to that
point, which contains infinitely many points of the cumulative point
set (Theorem 6.1 (ii));

e if //Q has a rational point, then there are lines of well defined number
corresponding to that point, and each of them also contains infinitely

many points of the cumulative point set (Theorem 7.1 (i) and (ii)).
Furthermore, in both cases, the point sequences lying on these lines are
strictly monotone increasing or decreasing according to the L., norm, and
they converge to well defined points (Theorem 6.1 (iii) and Theorem 7.1 (iii)).

2. BASIC NOTATION

Considering a fixed modulus m > 1, the finite residue ring Z/mZ is identified
with the set {0,1,...,m — 1}.

Note that if m = p is a prime, then F, = Z/pZ is a field of p elements.
Throughout the paper, if u,v € Z with ged(v,m) = 1 then u/v (mod m)
denotes that (unique) w € {0,1,...,m —1} for which « = vw (mod m) holds.

Let r, denote the natural reduction map of the p-integral elements Z,, of Q
onto F,, i.e., rp(u/v) :==u/v (mod p), where u,v € Z with ged(v, p) = 1. Note
that if a,m € Z with m > 1,0 < |a| < m, then a (mod m) = a if @ > 0, and
a (mod m)=m+aifa<0.

For integers n > 1 let ¢(n) denote the Euler phi function, i.e.

on)=#{r €Z|1<x <n,ged(z,n) =1}.
For (z1,m3) € R? let |(z1,79)| denote the L., norm of (xy,x5), i.e.
(1, w2) || = maxfas ], [2a]},
3. REDUCTION OF AN ELLIPTIC CURVE OVER QQ MODULO p

Consider an elliptic curve F defined over Q given by an affine Weierstrass
equation of the form

(2) E/Q:y*=2+ax+b (a,bEZ,x,ycQ)
with discriminant A. Put
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where P(A) is the greatest prime divisor of A.
Reducing the elliptic curve (2) modulo a prime p > pp,, we obtain an

elliptic curve E, over ), of the form
(3> Ep:y2:$3+dl’+6 (EL,B,{L‘,?/GFP>,
where @ = 7,(a), b = r,(b).

The elliptic curve £, is nonsingular for all primes p > pyin.

4. REDUCTION OF THE POINTS OF AN ELLIPTIC CURVE OVER Q MODULO p

An elliptic curve E(Q) can be written as a union of its affine part and the
point at infinity. A reduction modulo p, however, cannot map each point of
A%(Q) into A%*(F,). Namely, if P = (z,y) € A*(Q), then its reduction modulo
p is in A*(F,) if and only if the rational numbers z and y are p-integral.

For the rational points of the curve (2) we have the following statement.

Proposition 4.1 ([5], pp. 68-69). Let (x,y) be a Q-rational point on the curve
E/Q of the form (2). Then

Zo Yo
for some integers xq, yo, e with e > 0 and ged(xg, e) = ged(yo, €) = 1.

Hence, if P is a rational point, then either both coordinates are p-integral
(vp(z),v,(y) > 0), or p divides the denominators of both x and y (v,(z), v,(y) <
0). Thus we can construct the reduction homomorphism as follows:

(5) R E(Q) — E,(F,)
(rp(2),75(y)), if P € B(Q)\ {O},v,(x), vp(y) > 0;
P=(x,y)— ] O, if P=0,or Pe E(Q)\{O},

vp(2), vp(y) < 0.
where £/Q and P = (z,y) are in the form (1) and (4) respectively.
5. MAPPINGS OF THE POINTS OF E(Q) AND EP(IF,,) INTO [0, 1)?

Consider an infinite sequence of elliptic curves Ep of the form (3) for primes
P > Pmin, and define the following sets:

Byi={(5.2) 1) € BE)\ (O} > b}
U E.

P>Pmin

)
i

and the natural mappings

Qp: ByFE)\ {0} = B, C EC 0,17, (ry) — (g, ]%) |
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Some basic elementary properties of the mappings (2, and the sets Ep, E
are summarized in the following proposition.

Proposition 5.1. (i) The points of Ep are symmetric to the line y = %
for all primes p > Ppin-
(ii) If xoyo # 0,p1 # pa are different primes, p1,pa > Pmin, and P =
(x()ayo) € E(FIH) N E<Fp2)7 then

Qpl (x07 yo) 7é sz(xo,yo)-

Moreover, the points §,, (o, Yo), py (X0, Yo) are not on a line parallel
either to the x-axis, or to the y-axis.

(11i) If zoyo # 0, then for each P € E there is exactly one prime p that
PeE,

() If xoyo # 0 then the cardinality of the preimage of P € E is ezxactly
one, i.e, #Q;l(P) =1.

(v) If a rational point Q = (%, %) € [0,1)? with zoyo # 0 does not belong
to the image of the mapping €2, i.e., Q ¢ Ep for the prime p, then
Q¢E.

Proof. (i) It follows from the fact that (z,y) € E implies (z, —y) € E.

(it) It P = (x0,y0) € E(Fp,) N E(F,,), then x,y <min{p;, p2}, thus
Lo Yo Lo Yo
Q To, Y :<_)_)7é(_7_):9 Zo,Yo),
p (0. 30) p1 P1 P2 P2 r2(0, %0)

since p; # po, especially o + 22 and g—? =+ ;’—2.

(71i) If py, po are primes, then there are not exist integers 0 < zp < p; and

0 < x < po such that f}—f = ;—2, because x - po = x{, - p1 implies, e.g., p1 | xo

which is, however, contradicts the assumption that 0 < x¢ < p;.

(i) It follows from part (7ii).
(v) If Q = (%, %) ¢ E, for the prime p, then, by definition, @) ¢ E,, for

any other primes p’ as well. O

Let E(Q),, denote the subset of E(Q) which consists of all points of E(Q)
whose both coordinates are p-integral, that is

E(Q)v, == {(z,y) | (z,y) € E(Q) \ {O}, vp(),vp(y) = 0,p > Prmin }-
Restricting the reduction map sz / to the subset E(Q),,

Rgff|E(Q)vp . E(Q)’UP - Ep(Fp)v (xay) = (Tp($)v Tp(y))a
we get the map

Byi= 0,0 RYT: B@), — B, (ng) - (2, 22),

~

with R,(E(Q),) = (R (E(Q),,) C E, C E C [0,1)%

[\



ON THE MAPPINGS OF ELLIPTIC CURVES... 119

6. ON THE STRUCTURE OF E WHEN E(Q) HAS AN INTEGRAL POINT

If £(Q) has an integral point, then E has the following properties. Note
that if (xg, yo) is an integral point of F(Q), then

RZ”(%WO) = (wo(mod p), yo(mod p)) € Ep(Fp)
for all primes p > pmin.

Theorem 6.1. Let (xg,y0) be a fized integral point of E(Q), where xo,yo € Z,
and xoyo # 0.

(1) The points R,(zo,y0) = (mo (mod p) o (mod m) are different for all primes

P P
p> max{|x0|, |y0|7pmin}-
(11) The points R,(zo,y0) = (mo (mod p) "y (mod p)) lie on the lines

p ’ p
Yy = %, if xo > 0,y0 > 0,
y—1 =2, if xzo > 0,y0 <0,
y—1 =8(z—-1), ifwo <0,y <0,
Yy =8z —1), ifxo<0,y0>0,

for primes p > max{|o|, [Yo|, Pmin}-
(i1i) The infinite sequence of points

{Rp (1'07 yo) }p>max{ |5170 ‘ 7|y0 | 7pmin}

is convergent, and Ry(zo,y0) — (*,y*) with

) fofo > an[) > O;
if ko > 0,10 < 0;
if xg < 0,99 > 0;
, Zfill'o < 0,90 < 0.

_— O = O
~— — — —

YY) =

NN AN TN
e )

Furthermore, in each case

(2", y") — Ry, (w0, 90)|| < [[(z",4) — Ry, (20, %0) |
for pa > py.

Proof. Statements (i), (i), (1) will be proved only for the case when
xo > 0,70 < 0. For other cases, the proof can be carried out similarly.
(1) For xy > 0,39 < 0, we have

Zo Yo Zo Yo
R, (2o, :(—,1+—) <—,1—|——):R 0o, Yo)-
1 (05 Y0) . . £ . D 2 (20, Y0)

(it) For zop > 0,y0 < 0, the point R,(xo,yo) = (%, 1+ %) is on the line

Yy = z—gx + 1, because

1+ BTy
p Ty p
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(111) For xy > 0,y < 0 and p > max{xo, |Yo|, Pmin }, We have

o (modp) 20 g o)
p )
Yo (mod p) Yo

= 1+=—1(p— 0).
p p

Furthermore, if py > p; > max{zo, [Yo|, Pmin}, then

100, 1) = Rpy (0, wo) [l < [1(0,1) = Ry, (0, o) |
if and only if

)

H(ﬂfo (mod p2) .~ yo (mod pQ))H

D2 D2
< H(xo (mod py) LW (modpl))H
B b1 ’ D1
However,
d d
max{xo (mo p2)71_y0 (mo p2>}:max{@’1_p2+yo}
D2 P2 D2 Do
d d
< max{@71_w}:max{x0 (mo p1)’1_yo (mo pl)}.
P h p1 P1

O

7. ON THE STRUCTURE OF F WHEN E(Q) HAS A RATIONAL POINT

Throughout this section, let (%5, %) be a fixed rational point of E(Q), where
xo, Yo, € € Z with e > 1, ged(xg, €) = ged(yo, €) = 1, xoyo # 0.
If £(Q) has a rational point, then E has the following properties.

Theorem 7.1. (i) For all primes p > max{|zo|, |vo|,e>, pmin} the points
R, (%, g—g) lie on lines of the form

Yo
6 lz - Az - — Bl s
(6) Y p— (x )
where (A, B;) = (&, m)/y()e(—chxie?)) with 0 < i < €3, ged(i, e®) = 1.
(ii) The number of l; is p(e®), and each of them contains infinitely many
points of the form R,(%3,%).

e27 g3

(111) For all i the infinite sequence of the points

Zo Yo
{Rp (_2’_3 \
€” € p>max{|zol,|y0|,e3,Pmin}

on the line l; is convergent, and

(7) By (5.5) = (B A) (p— ).

e2’ g3



ON THE MAPPINGS OF ELLIPTIC CURVES... 121

Furthermore, for primes py > p; > max{|zol, |yo|, €, Pmin} with

p1L=p2 = —Yyo/i (mod 63)

we have

0 5 (50 2] < 5,00 e (222

€2’ e3 €2’ e3

and the sequences {%} and {%} are strictly monotone increasing
or decreasing if xo < 0 or xg > 0 and yo < 0 or yo > 0 respectively.

To prove the theorem, we need the following statement.

Lemma 7.2. With the notation of Theorem 7.1, for p > max{|zol,|yo|} with
i = —1/p (mod €3) we have

Yo Yo
> (mod p) = pA; + 5

X Zo

= (mod p) = pB; + =

Proof. We are going to proof only the equation %% (mod p) = pB; + %5, the
other one can be proved similarly.

Since i = —yo/p (mod €?), the congruence i = —y,/p (mod €?) holds, thus

—I mo 82
Bi: o/p (2 d e?)

. . It only remains to show that

(zo/e* (mod p))-e* = (—xo/p (mode®)) -p+zy (modp), and

0 < (—zo/p (mod €?))-p+ o < pe’.
The congruence obviously holds, and the inequalities follow from the facts
that 1 < —zy/p (mod €?) < e? — 1 and —p < zy < p.
O

Proof of the theorem. We return to the proof of Theorem 7.1.
(1) Clearly, R, (g—g, %) ek, CE.

St 2% (mod p)
Substituting the number ——

applying Lemma 7.2 we have:
M_AFM_AF@_%,
p p pe

29 (mod
Substituting the number #

and applying Lemma 7.2 we have:

ﬂ(i_g (modp)_Bi> Yo (pB+,32 —B) Yo

exy P exy P pe?
(ii) Tt is obvious that #{l; | 0 < i < €2, ged (i, €®) = 1} = p(e?).
Furthermore, there are exist infinitely many primes for which p =

—0/1 (mod €?) holds because of the Dirichlet’s theorem on primes in arith-
metical progressions ([1], Chap. 7).

for y in the left side of equation (6), and

for x in the right side of equation (6),
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(i11) It follows from the definition of R, and Lemma 7.2, e.g.,
for p > max{|zo|, |yo|} with i = —yo/p (mod e3) we have

ro(Zo 20 (mod B, + %
(8) p(ez) _ &2 ( p) _ b &2 _ Bz + z_(; s Bz (p — OO)
p p p be

From (8) it follows immediately that the sequence {%?/62)} strictly mono-

tone increase or decrease depending on zy < 0 or xg > 0.
By Lemma 7.2 we get

H (B- B 96”—3 (mod P2) 4 % (mod p2)> H
? 1 p2
— P — Lo | |__Yo_
N H( p2€2 P2€3)H max{‘ pac? ' p2€? }

I B

< max =
{ pre? p163} ‘

H( & (mod py) % (mod pl))

_Po Y
191627 med

Remark 7.3. Theorem 7.1 is also true for primes p < €3 with ged(p,e) = 1.
However, we are interested in the asymptotic behavior of the sequence
R, (%, g—g) Thus, for the sake of simplicity of the treatment, we can put
aside finitely many primes.

B; — & VA — e
b1 D1

U
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