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ALMOST EVERYWHERE CONVERGENCE OF CONE-LIKE
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Dedicated to the memory of Professor Arpdd Varecza on the occasion of his T0th birthday.

ABSTRACT. In the present paper we prove the a.e. convergence of Fejér
means of integrable functions with respect to the two-dimensional represen-
tative product systems on a bounded compact totally disconnected group
provided that the set of indices is in a cone-like set.

1. INTRODUCTION

Now, we give a brief introduction, for more details see [3]. Moreover, see
the book of Hewitt and Ross [9] and Schipp, Wade, Simon and Pal [11].

Denote by N, P the set of natural numbers and the set of positive integers,
respectively. Let m := (my,k € N) be a sequence of positive integers such
that my > 2 and Gy, a finite group with order my, (k € N). Suppose that each
group has discrete topology and normalized Haar measure pu;. Let G, be the
compact group formed by the complete direct product of the groups Gy with
the product of the topologies, operations and measures (x). Thus, each z € G,
is a sequence x := (xg, 1, . ..), where x; € Gy, (k € N). We call this sequence
the expansion of . The compact totally disconnected (simply CTD) group
G, is called a bounded group if the sequence m is bounded. All over this paper
the boundedness of the group G,, is supposed. Set m, := max{my : k € N}.
A neighborhood base of the topology can be given in the following way:

Io(z) =Gy, In(z) ={y € Gy :yp=mxfor 0 <k <n},

where © € G,,,n € P. Let My := 1 and My, = mpyM, k € N, every
n € N can be uniquely expressed as n = ZZ‘LO npM, 0 < ngp < my, ni € N.
This allows us to say that the sequence (ng,ni,...) is the expansion of n
with respect to the number system m. We often use the following notations:
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In| == max{k € N : np # 0}, nu) = Z;:é npMy, and n® = S ngMy,
where |n| is called the order of n.

Denote by ¥ the dual object of the finite group Gy (k € N). Thus, each
o € Y is a set of continuous irreducible unitary representations of GGy which
are equivalent to some fixed representation U(?). Let d, be the dimension of its
representation space and let {&1, &, ..., &4, } be a fixed, but arbitrary orthonor-
mal basis in the representation space. The functions ug(;)(:v) = (Ux(g)&,fj)
(i,7 € {1,...,ds}, 2 € G}, ) are called the coordinate functions for U(®) and
the basis {&1,&,...,8&a, }- Let {¢] : 0 < s < myg} be a system of all normal-
ized coordinate functions of the group Gj. We suppose that ¢ = 1. Thus,
for every 0 < s < my there exists a 0 € Yy, 4,7 € {1,...,d,} such that
ps(x) = \/@uf? (x) for x € Gy. Let ¢ be the product system of the functions
¢y, that is

Un(z) = [ [ it (@) (z € G),

where n is of the form n = Y7 ngM;, and « = (zg,z1,...). The system ¢
is orthonormal and complete on L?(G,,) [7]. If the group G}, is the discrete
cyclic group of order my, for each k£ € N, then the system v is the well-known
Vilenkin system and G,, is a Vilenkin group[l]. As special cases we have
the Walsh system and the Walsh group, too [11]. The system 1 is called
representative product system of the CTD group.

Let us consider the Dirichlet and Fejér kernel functions

Do) == 3 vel)Tew), Ky a) =+ S Dily,a)

and Dy = Ky := 0. The M, th Dirichlet kernel has got a closed form [7]

M,, forye I,(x)
0, otherwise.

DMn(y7x) = {

Recently, the behavior of the Dirichlet kernel was discussed by Toledo [14, 12].
The Fourier coefficients, the partial sums of Fourier series and the Fejér means

are defined in the usual way for f € L'(G,,). It is known that
onf(y) = | @) Kaly, )dp(z).

Denote G, x Gy, the two-dimensional compact totally disconnected (CTD)
group. Define the two-dimensional Dirichlet and Fejér kernel functions as the
Kronecker product of the one-dimensional functions

Dy (y,x) := Dm(ylvxl)Dnz(yQ:xz)a Ku(y,z) = Km(ylvxl)Km(yzaxz)v
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where y := (y',y?),z = (2',2%) € G, X Gz and n = (ny,ny) € N2, The
following is well-known

nuf0) = [ (0 ) Ko (P ) )

In the present paper we also suppose that m = m and we write simply G2, =
G X G, although we know that G, # G, may be happened. During the
proofs C' and ¢ denote constants which may depend only on m, and could vary
at different occurrences.

In [7] Gat and Toledo proved the fact that the Fejér means of the Fourier
series with respect to representative product systems on bounded groups con-
verge to the function in LP -norm (1 < p < 00), although we can not state the
same for the Fourier series in general. In 2009 they extended this statement to
Cesaro means of order o where 0 < o < 1 [8]. On the other hand the behavior
of the partial sums worse than in the commutative (Vilenkin, Walsh) case. Let
G, be the complete product of S3. If 1 < p < oo and p # 2, then there exists
an f € L?(G,,) such that S, f does not converge to the function f in LP-norm
[13].

The almost everywhere convergence of the one-dimensional Fejér means was
proved by Gét in [3]. Our paper deal with the a.e. convergence of the two-
dimensional Fejér means provided that the set of indices is in a cone-like set.
We note that until the present time there was not any result given in dimension
2 for the Fourier series on CTD groups.

For double Walsh-Fourier series, Méricz, Schipp and Wade [10] proved that
onf converge to f a.e. in the Pringsheim sense (that is, no restriction on the
indices other than min(n;,ny) — oo) for all functions f € Llog"™ L. For
double Walsh system Gat [4] and Weisz [15] proved that the Fejér means of an
integrable function converge almost everywhere to the function itself provided
that the indices satisfy the inequality 7! < ny/ny < 3 with some fixed 8 > 1.
Recently, a common generalization of the results of Gat, Weisz and the result
of Méricz, Schipp, Wade (with respect to Walsh system) was given in the same
direction and way as Gat did in [5] with respect to the trigonometric system.
A necessary and sufficient condition for cone-like sets was given by the author
and Gat in order to preserve the convergence property for Walsh system [6].

In the present paper we prove the a.e. convergence of Fejér means of inte-
grable functions with respect to two-dimensional representative product sys-
tems of a bounded CTD group provided that the set of indices is in a cone-like
set.

2. ALMOST EVERYWHERE CONVERGENCE OF DOUBLE FEJER MEANS WITH
CONE RESRICTION

The following Lemmas are the basis of our proof:
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Lemma 2.1 (Gét [3]). Let A,t,s,n €N, and x € I;11(u), u € Gy,. Then
My
/ WD (o, (02 (0) € Mg |7
(W\Tt4+1(u) Ma<n(8)<Maiq max(s,t)
Lemma 2.2. Let A,t € N, and x € I;11(u), u € Gy,. Then

M
/ sup |K(y, 2)ldn(y) < e/ 7+
Te(u)\Ie41(u) n=Ma A

Proof. Set x € I;11(u), u € G,,. By Lemma 2.1 and the method of Gat we
write that

/ sup | K, (y, =) |dp(y) Z/ sup | Ko (y, )| du(y)
T (w)\Te41.( T (u)\ g1 (u)

u) n>Ma ) In|=B
e’} 1 B mgs—2
<y / sup Ko gaan, (9, 2)|dp(y)
BZA Mg It (u)\Ity1(u) [n|=B ; =0 !

< sup | K, (s ,x)|d
< Z MBZ/I D | Koo ar, (v, ) dpa(y)

Nit1(u) In|=B

<o3 i (SN 3 an i)

t+1

1 Mg M,
< — M/ — < — L]
e My oy =y,

We define the maximal operator o# by

o f = sup lonf],
nep?

B~ 1<ni /na<p

where § > 1 is a fixed parameter. For this maximal operator we have the
following theorem:

Theorem 2.3. The operator o¥ is of weak type (1,1).
By standard argument we get that

Theorem 2.4. Let f € LY(G?%) and 8 > 1 be a fized parameter. Then the

relation
A}}gnm onf=f ae
B71<n,/na<B

holds.

By the help of Lemma 2.2, the well-known Calderon-Zygmund decomposi-
tion Lemma and the method of Gat and Blahota in [2] (with necessary changes)
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we have the proof of Theorem 2.3. On the other hand, Theorem 2.3 could be
reach as a corollary of our main theorem in the following section.
At last, we note that Theorem 2.4 is unknown until the present time.

3. POINTWISE CONVERGENCE OF CONE-LIKE RESTRICTED
TWO-DIMENSIONAL FEJER MEANS

Now, we define the cone-like sets. Let a : [1,4+00) — [1,+00) be a strictly
monotone increasing continuous function with property lim, ., o = +o00, a(1) =
I,and 3 : [1,400) — [1,4+00) be a monotone increasing function with property

B(1) > 1.
Define the cone-like restriction sets of N? as follows [5, 6]:
Ngg1:= N2 : a(n1) <ng <
8.1 {n € Blny) = ny < a(ny)B(n) ¢,
N = n€N2'm<n < a(ny)B(ns)
B2’ By =S 2)B(n2) ¢

For a(z) := z, B(z) := F (B € (1,00)) we get the restriction set N, g5; =
Nogp2 = {n e N2: 1 <m< ﬁ} used in [2, 4, 15].
Let B(z) =B be a constant function. It is natural that N, g, 1 C Ny, 1 and

Na,ﬁl,? - Na,ﬁz,? for any 61 < 62-
Fori=1,2 set
ai = {Na/gy' . B > 1}
For a fixed i € {1,2}, we say that N, ; is weaker than Ny 3, if for all L €
Ng.i, there exists an L e Ng 3-; such that L C L. This will be denoted by
Noi < Ngs—i- I Ny1 <Nyo and Nyo < N, q, then we say that N, ; and N, o
are equivalent and denote this by Ny 1 ~ Ny 2.

We say that the function « is a cone-like restriction function (CRF), if
No1 ~ Ny Set Ny := N, 1 UN, 2. We say that the cone-like set L € N, is
based on the function «.

The properties of a CRF is characterized in the following statement [5]:
Function a is a CRF if and only if there exist (,7;,72 > 1 such that the
inequality

(3.1) na(z) < a((r) < yalz)
holds for each x > 1.

In other words, the condition ya(x) < a(¢x) < ya(x) is very natural,
since it is necessary and sufficient in order to have that for all restriction set
L € N, there exists a restriction set L e N, 2 such that L C f/, and in the
same way backwards also.

We define the maximal operator o} by

o7, = sup | f1.
nelL
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For the maximal operator o] we prove the following theorem:

Theorem 3.1. Let o be CRF, L € N,. Then the operator o} 1is of weak type
(1,1).

By standard argument we get that
Theorem 3.2. Let a be CRF, L € N,,. Then for any f € L*(G?)) the relation

/\ngloo onf=/f ae
nel

holds.

We immediately have Theorem 2.4 in the previous section as a corollary. To
prove Theorem 3.1 we need the following decomposition Lemma of Calderon
and Zygmund type proved in [5].

Lemma 3.3. Let the function p; : [1,4+00) — [1,400) be monotone increasing
and continuous with property im ., ¢, = +oo (j = 1,2). Set ¢; = [¢;]
(j =1,2) (where | x| denotes the lower integer part of x).

Let f € L' and X\ > ||f||1. Then there exists a sequence of integrable func-

tions (f;) such that
f=2_ 1
i=0

where || folle < O, | follt < C|Iflly and supp fi C Lia (27) X Tz (2y) =: Ji x Jj
(x4, 24) € G2,) with measures

M(Ikll(le)) = 1/M¢1(Si) and :U'(Ikivz (xZZ)) = 1/M¢2(5i)

for some s; > 1. Moreover, [, f; =0 (i > 1), the sets J{ x J3 are disjoint, and
with the definition F = J;2, (Lria(2}) X Iiiz(24)) we have p(F) < C| fll1/X.

Proof of Theorem 3: During the proof of Theorem 3.1 we follow the method
of the author and Gét in [6]. But, we have to make necessary changes, because
we have got another structure than in the Walsh case.

Let L € N,. Without loss of generality, we suppose that L = N, g, for some
f > 1. First, we choose functions ¢;(s) := |s| (that is, ¢;(s) is the order of s
and My < s < Mg+1) and ¢o(s) := |a(s)|, where a is CRF (we note that the
continuous functions 1, @5 can be constructed). We apply Lemma 3.3 for the
functions ¢ (s), ¢a(s).

Set f € L'(G2)) and supp f C J; X Jo with measure u(J;) = m for some
s>1(i=1,2). Set k7 := ¢;(s), that is J; = Ii(2") for j =1, 2.

By the help of Lemma 2.2 we prove the inequality

(3.2) /Isuplanf\ <c[[fl-

1(zl)xI 2 (x2) €L
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We decompose the set Iji(z!) x [;2(2?) as the following union:
(T @) % Ta(@?)) U (T (21) x Ta(0)) U (T (@7 x La(a?))
We set § := (18nGImItL ) < My, (/0 vields that
nz < Ba(n) < fo(My, ¢ @7

a(s)
My, ) <

<p log., 2/3m*+10‘( < Mgy (s)-
M
Moreover, (,v1,7v > 1 gives ny < M1 and ny < Mj2. In this case the

(k,1)-th Fourier coefficients are zeros for k < n; and [ < ny. More exactly,
fe) = [1@xT) = [ f@x T =@xT) [ 7=
G2, L (z)x 12 (22) I (@) x T2 (22)
This yields that o, f = 0. That is, we have to suppose that n; > My, (5)/d >
Mii_.,. From this we write that
a(ny) S a(Mgy, sm./dm.) S 1

— - log. m«+log, 2Bm.+1
b s Bs "

afs) M, (s)
Z 5 2 (52, 2 MkQ—c*-
Now, we discuss the integral fmxm Sup,.c;, lonfl-

*

Ny > (Mg, (sym)

Now, we decompose the sets Iii(x?) (i = 1,2) in the usual way. Using the
notation

T4 = (L )\ Lasa (1)) X (Io(2*)\ Iy (27))
fora=0,1,...,k' =1, b=0,1,...,k*> — 1 we have that
El—-1k2-1

Io(') x Le(2?) = | J | 7"

a=0 b=0
By Lemma 2.2 (with u! € I;a(z') = J') and theorem of Fubini we get that

/ sup | [t ) Ko (41,0 Koy (4, 02)dia(u w2 iy, )
J

a,b nel Jlx J2

< / |flut,u?)] [ sup |Ky, (v' u') Ko, (67, w) |dp(y', y?)dp(ut, u?)
JlxJ?

Jab nel

< / )] sup K (5 ul)| ¢
Jlx J?

Jabni>M1

x sup K, (y%u?)|du(yt, v )du(ut, u?)

n2>Myo_ .«

[ M, M,
< CHle m
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Moreover, we write that

kl—1k%2—-1

/ suplanf|< 33 [ suplans
I (zt)xI 2 (x2) nel a—0 p—o Y Jb neL

kl—1k2-1

M, Mb
<l X 33 < el

a=0 b=0
We discuss the integral f[ )xTra @) SWner lon f]-
For r > k! and a fixed 2! € G weset an € := (T, ..., Tp1_ 1, €kly vy €y Tpsy,y - - -

where ¢; € G; (i=Fk',... 7).
Then

Li(zY)= |J Lo
€ €G;
i=kl,...r

For each a = k',...,r, b = 0,1,...,k* — 1 and an arbitrary ¢ we define the
sets J** and J° by

JE = (Ta(€)\Lar1(€)) X (In(@*)\Lp11(2?))
and

IV =L (e) x (Ip(@*)\Ip1(2?)) -

Then we have the following disjoint decomposition of the set Iji(z') x I2(22):
o k?-1 k2-1
I (z1) X T2 (2?) (U U J“b)U<U Jf).
a=kl b=0 b=0

We introduce the following abbreviation:

L .__
Sy = sup
My _c<ny SMT+C
nel
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It is easy to see that, ca(M,) < ny < Ca(M,) for n € L and M, < ny < cM,.
Theorem of Fubini and the decomposition given above yields that

/ sup 0w f (5", )duly", o) <

kl (l‘l)Xle (xz) nel

< Z Syl f Koy (g ul) Ko, (92, w?) dp(ut, u?) | du(y', o)
1(1’ ><Ik2 x2 ><I

K2 (x2

< Z Z/ S| [ fut u) K (v ut) Koy (97, u®)dp(ut w?) |dpady* y?)

1)><I,€2(ac2 IT+1(5)><Ikz(x2)

r=kl €
r k2-1
D3PI IO L) (e  MUNULRVRCTICNSI oS
r=kl € a=k! b=0 I €)><1k2
k2-1
+ ZZZ / SE P ) Ko () Ko 0 ) )
r=kl € Irya(e ka2

r k2-1
55530 35 3 NIICR ) AR ENURSTE

€ a=kl b=0 Ir () x 12 (@

x sup |Kn,(y%u )Idu(y Ly )dp(ut, u?)

ca(My)<ng
k2—1
' J, [t )] [ sup Koy ut)lx
Tzk:l 26: Z Ly1(e)x Iy 2 (22) Jb ni <My e !
X sup IKng(y ) dp(y', y?)dp(ut, u®)
ca(My)<ng
=1+ 1I

We discuss I. We use Lemma 2.2 and u! € I, 1(€), u? € I}2(2?). Thus,

r k2-1

TS Y S X | et <ch|!12 it

r=k! a=kl b=0

From Lemma 2.2 (with u? € I}2(2?)) and the fact that |K,| < cn (see [3])
we get that

k2—1

I1 < CZ Z Z/ ,u2)|MrMLT a(]\]/\[/z)du(U1’UQ)

r—= k?l € 'r+1 E)Xlkg :L'

M2
<l flh Z v
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Now, we show that > 7, % < c¢. Since, « is strictly monotone in-
creasing we have that a(M,) > a(Mu27F"). We write for an arbitrary A (we

will give more details about A later)

0o 1 A—-1 o© 1
2\ oo S22 \/ a2y
r=kl j=0 i=0

Now, we choose A so big such that the inequality

\/Oé(Mk12Ai+j+A) > \/Vflogg 204(Mk12Ai+j) > 2 Oé(Mk12Ai+j)
holds. (We could choose such an A because 7;,¢ > 1.) From this

i 1 <CA*1 1 . 1
— a(M,) = 4 a(M;a29 a(My)

Jj=0

IN

)
M2 < ofs) and (M) = a(M)y) > as/m,) > ca(s) yields that

i Mk2 <ec Mk2 < e
— a(M,) = "\ a(M) —
The discussion of the integral fm“ 2 (22) SWPner |on f| follows.
k k

Using the substitutions ¢t = a(s) and s = a~!(t), we write that

L (1) X Tja(s))(2%) = Lo (1) X T (2%)-
That is
Lo () (1) X Tpy(s)(2°) = L, (21) X 15, (27).
If o is CRF, then o~ ! is CRF, too (for more details see [6]). By this

/ suplowf| < [ sup | .
I (S)(II)X1¢2(S>(12) nelL I-z(t)(xl)XId;l(t)(xQ) nel

é1 ¢

The discussion above gives that

/ suplonf] < ¢l £
I

Kl (ml)XIkQ ({E2) nel

The fact that [, [Kn(y,2)|du(y) < cfor alln € N,z € Gy, (see [3]) implies
that the operator o7 is of type (00, 00). This, inequality (3.2) and Lemma 3.3
give by standard argument our theorem. [J

By the interpolation lemma of Marcinkiewicz [11] and the fact that the
operator oj is sublinear we immediately have the following corollary.

Corollary 3.4. Let a be CRF and L € N,. Then the operator o} is of type
(p,p) for all1 < p < 0.
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